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Abstract—This article deals with the simulation of the elec-
tromagnetic field scattered by sea breaking waves using fluid
mechanic theory and hp-Adaptive Finite Element approach. This
exterior Maxwell problem is also based upon the use of infinite
elements.

I. INTRODUCTION

For remote sensing applications, many studies have been
developed to numerically simulate the radar cross section
of the sea surfaces in various weather conditions and with
different frequency bands. For low wind speed and in deep sea,
the surface can be easily described by linear models and elec-
tromagnetic simulations based upon asymptotic approaches or
numerical boundary element methods (Methods of Moments)
are proved to be very efficient. For higher wind speed and
for coastal area, sea surfaces become non-linear and induce
complex shape: breaking waves. From electromagnetic point
of view, the profile of a breaking wave must be considered
as a complex target, see figure 1, that raises some important
issues for numerical convergence.
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Fig. 1. Scattering by a coastal breaking wave.

II. PHYSICAL AND NUMERICAL MODELS

To obtain reliable simulations of the electromagnetic scat-
tering by a breaking wave, we must manage the both aspects of
the set problem: fluid mechanics and electromagnetic issues.

A. Breaking wave model
The breaking waves are described by strongly non-linear

Navier-Stokes equations and many approaches (boundary ele-
ment methods, Finite Differences,...) can be applied to com-
pute numerical simulation [1]. Nevertheless, standard methods
remains very time consuming.

Fig. 2. Fluid modeling.

Assuming an incompressible and irrotational fluid, the sea
waves can be described using the velocity potential Ψ. In this
case, potential Ψ satisfies the homogeneous Laplacian equation
and the homogeneous Neumann boundary conditions (static
boundaries), see figure 2. The sea surface is a free boundary.
Using a desingularized technique [2], [3], [4] combined with
conformal transformations [5], the differential equation can
be efficiently solved. The initial conditions are provided by a
static Gaussian profile, see figure 3

Fig. 3. Static Gaussian profile.

Finally, considering the velocity potential Ψ as known, we
can generate the time varying profiles of breaking waves as a
function various parameter (slope of the seabed, water depth,
...), see figure 4. The shape of sea surfaces is now supposed
to be given and boils down to smooth deterministic curves.



Fig. 4. Breaking wave profiles.

B. Electromagnetic scattering modeling

As in the case of linear sea surfaces, the scattering by
breaking waves treated as smooth curves could a priori be
modeled by a standard Method of Moments (MoM). Unfortu-
nately, the breaking wave profile has strong local curvatures,
see figure 5 and significant cavity, see figure 6. And it is now
well known that important local curvatures and cavities involve
severe convergence problems for the MoM [6], [7].

Fig. 5. Scattering by the high curvature of the sea wave profile.

Fig. 6. Scattering by the cavity of the sea wave profile.

A very common solution for high curvature problem con-
sists in combining Mom with ray theory [8], [9]. Nevertheless,
this approach requires an arbitrary split between the both
theories and remains non-relevant for cavities. In previous

studies, we investigated higher order MoM [10] and Adaptive
Multiscale Moment Method [11]. In this paper, we consider
an Adaptive Finite Element approach [12]. For the seek of
simplicity, the sea water is assumed to be an homogeneous
dielectric medium whose permittivity is a complex function
that depends on the salinity and the EM frequency, see figures
7.
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Fig. 7. Real and Imaginary part of the relative permittivity of the pure and
the salt (35ppm) water.

The electric field satisfies the Helmholtz equation:

∇×
(
∇× ~E

)
− k2 ~E = 0 (1)

where k = ω
√
εµ0. In the present case, ε is equal to ε0 above

the surface and εsea in the sea.
In the present case, the incident electric field is a plane

incident wave:
~E (~x) = ~E0 · e

~k·~x (2)

where ~k = (k · sin θ0,−k · cos θ0) and θ0 is the angle of
incidence.



1) Infinite elements: Since the scattering problem is an
exterior Maxwell problem, we truncate the exterior domain
with a sphere Sa = {|~x| = a} surrounding the crest of
the breaking wave. The global domain Ω is split into a
near-field domain Ωa = {|~x| < a} and a far-field domain
Ωa = {|~x| > a}, see figure 8.

Fig. 8. Schematic presentation of the infinite elements.

The far-field domain is split into regular homogeneous
infinite elements. Some of them are characterized by the
permittivity of the void (ε0) and the other are characterized
by the permittivity of the sea water (εsea).

2) hp-Adaptivity: The near-field domain is meshed by
Nedelec’s triangular elements where the scale of the elements
is denoted h. Each element is approximated by a polynomial
of degree p. The automatic hp-adaptivity is based upon the
projection-based interpolation. The optimal mesh is obtained
by minimizing the interpolation error. This minimization is
estimated locally and computed step by step. Finally, this
algorithm delivers optimal h-convergence and p-convergence,
see figure 9.

Fig. 9. Mesh refinement in the vicinity of a curved boundary.

III. NUMERICAL SIMULATIONS

Among all the time varying profiles generated by the fluid
mechanic theory, several of them are selected for the numerical
simulations, see figure 10.

Fig. 10. Simulation for selected profiles.

The figure 11 shows the Radar Cross Section (RCS) for 3
different profiles in L-Band (1.5 GHz) and in vertical polar-
ization. These numerical simulations are obtained using more
than 2500 triangular vertex elements. The RCS is computed
for different incident angles θ0.
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Fig. 11. Radar Cross Section for normal incident EM wave in vertical
polarization.

To precisely analyze the distribution of the scattered field
in the vicinity of the breaking wave crest, figures 12, 13
and 14 represent the local cartography in this area for three
different angles of incidence. The scattering by the crest and
the resonance modes in the cavity clearly appears.

IV. CONCLUSION

First and foremost, the hp-Adaptive Finite Element Method
is proved to be an efficient approach to treat the problem of
the scattering by a breaking waves. Moreover, the automatic
vertex decomposition induced by the adaptive process in this
case could be an interesting tool for qualitative interpretations
of the radar signature related to a breaking wave. Finally,
this study will be continued and extended to simulated the
radar signature of inhomogeneous breaking waves. Indeed, the



Fig. 12. Cartography of the scattered field for tilted incident EM wave in
vertical polarization(θ = 45◦).

Fig. 13. Cartography of the scattered field for normal incident EM wave in
vertical polarization (θ = 0◦).

Fig. 14. Cartography of the scattered field for tilted incident EM wave in
vertical polarization(θ = −45◦).

whitening effects (mixture between salt water and air) need to
take into account non-homogeneous sea water for simulations.
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