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Notations 
  
   
         EEEE : Electric field vector 
  
         HHHH : Magnetic field vector 
 
         DDDD : electric induction 
 
         BBBB :  magnetic induction 
  

         ρ :  charge density 

         JJJJ :  current density vector 

         εr : relative permittivity 

         µr : relative permeability 

 KKKKiiii : incident wave vector 

 K  :  wave number of incident wave 

 ki : transverse incident wave vector 

 θi : incident angle 

 θs: observation angle angle 

 ϕi: incident azimuth angle 

 ϕs : observed azimuth angle 

 σpq: scattering coefficient with transmitter polarization p and receiver   

               polarization q 

 h : rms height of rough surface 

 l  : correlation length of rough surface 

 W(K)  : power spectrum of rough surface 
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Abstract 
 

We use the contribution of second order scattering effects from a rough surface to 
obtain the enhanced backscattering cross section at grazing angles and the accurate 
predictions of depolarization in a radar return. We begin by reviewing the classically 
used scattering models like the Krichhoff Approximation (KA), first order Small Perturbation 
Method (SPM1) and the classical Two Scale Method (TSM1). Then by using the extended 
boundary condition method we study the SPM up to second order (SPM2). Comparisons 
between the numerical results obtained by using SPM1 and SPM2 reveal a greater accuracy 
and backscattering enhancement at grazing angles by SPM2 (for relatively rougher surfaces 
and/or for certain configurations). Moreover, SPM2 predicts non-zero backscattering results 
for cross polarization as opposed to SPM1. Motivated by these observations we develop an 
improved TSM (TSM2) by including the second order scattering effects into first order at small 
scale. 
 
In the second part of the thesis, firstly we consider the applications of the newly developed 
model at grazing angles for sea and bare soil surface by using Elfouhaily and exponential 
spectrum respectivly. Secondly, we study the depolarization of electromagnetic waves from sea 
and bare soil surface by using TSM2. For both cases the results computed by TSM2 are 
compared with the available experimental data and the other approximate analytical methods like 
small slope approximation and weighted curvature approximation, in order to validate the model 
and demonstrate the obtained improvement in accuracy. 
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$%& -(<&'&#$ .$/$(.$( /2 $& %#(U"&. $!  %/'/ $&'(P& $%& '/#-!1 '!"+% ."'*/ &5

W# $%& $%('-  %/3$&'B /$ F'.$ 7& .$"-8 $%&  2/..( /228 ".&- . /$$&'(#+ 1!-&2. 0;=

/#- GHI4 7%( % /'&  %/'/ $&'(P&- )8 / '&.$'( $&- /#+"2/' -!1/(# !* 9/2(-($85 6%&#B )8

".(#+ $%& &>$&#-&- )!"#-/'8  !#-($(!# 1&$%!- 7& .$"-8 $%& GHI "3 $! .& !#- !'-&'5

G!1&  !13/'(.!#. )&$7&&# $%& #"1&'( /2 '&."2$. !)$/(#&- )8 GHI@ /#- GHIC )/.&-

!# R/"..(/# .3& $'"1 /'& /2.! 3'&.&#$&-5 X&>$B 7& .$/'$ )8 '&9(&7(#+ $%& 6GI@ /#-

$%&# )8 '&32/ (#+ $%& GHI@ 7($% GHI@YGHIC (# 6GI@B $%& -&9&2!31&#$ !* 6GIC

(. +(9&#5

6%& !)Z& $(9& !* $%& *!"'$%  %/3$&' (. $! 3'!9(-& / .$/$(.$( /2 -&. '(3$(!# !* $%& .&/

/#- .!(2 ."'*/ & $! &.$(1/$& $%& &2& $'!1/+#&$( F&2- . /$$&'&- )8 $%&.& ."'*/ &.5 6%".B

7&  %/'/ $&'(P& $%& 1/'(#& ."'*/ & ".(#+ .!1& +&!1&$'( /2 1!-&2. 2(:& R/"..(/# /#-

S2*!"%/(28 *!' $%& .3& $'/2 '&3'&.&#$/$(!# /#- R/".. /#- T!> [ I"#: *!' $%& '&3'&,

.&#$/$(!# !* .2!3&.5 \!' )/'& .!(2 ."'*/ & $%& &>3!#&#$(/2 .3& $'"1 /#- R/"..(/# .2!3&

-(.$'()"$(!# (. ".&-5 G(1(2/'28B 7& 3'!3!.& (# $%(.  %/3$&' $%& /#/28$( /2 &>3'&..(!#. !*

]&)8.^. 1!-&2 /#- H&32(#.:( 1!-&2 *!' $%& &2& $'( 3&'1($$(9($8 !* .&/ 7/$&' /#- .!(2



 ! "#$%&'()$*&# +

 !"#$%& "& '&%()*&+,-

./& 0#(/ $12 01$+ %/$'(&"  /34 (/& 1!5&")%$+ "& !+( 36($)1&2 6, .789- :1

(/& 0" ( '$"( $''+)%$()31 3# .789 $"& %31 )2&"&2 #3"  &$ $12 6$"&  3)+  !"#$%& $(

;"$<)1; $1;+& - ./& "& !+( 36($)1&2 $"& %35'$"&2 4)(/ $*$)+$6+& &='&")5&1($+ 2$($>

.78?> 77@ $12 AB@ )1 6$%C %$((&")1; %$ &- ./&1 (/&  )5!+$()31 "& !+( $"& ;)*&1

#3" 6) ($()% %$ & $12 %35'$"&2 4)(/ .78?- ./& '"&2)%()31 3# 2&'3+$")<$()31 D3" %"3  E

'3+$")<$()31F 6, .789 $"& &*$+!$(&2 )1 (/&  &%312 '$"( 3# (/) %/$'(&"- ./& *$+)2)(,

+)5)( )1 &$%/ %$ & ) $+ 3 ;)*&1-

G)1$++,> (/& 2)  &"($()31 ) %31%+!2& 6, $  !55$", 3# 3!" 5$)1 %31(")6!()31 $12

$ +) ( 3#  !;;& ()31 #3" #!(!"& "& &$"%/-



 !"#$%& '

 !"#$%&"'$() *+ ,(&-'.*%$/"&'0-

1$2& 3-$''&.0"/

 !"# $!%&'() &)(#(*'# '!( &)"*$"&+(# ,- &),&%.%'",* ,- /0 1%2( %+,*. 1"'! '!( *,'%'",*#

%*3 3(4*"'",*# 5#(3 #56#(75(*'+89  !(* 1( "*'),35$( '!( &,+%)":(')"$ 6(!%2",) ,- %

'%).(' 1!"$! &():"'# 5# ', 3('():"*( '!( $!%)%$'()"#'"$# ,- % )(;($'(3 1%2( -),: %

'%).(' %# % -5*$'",* ,- "*$"3(*' %*.+(9 <"=()(*' #'%'"#'"$%+ '($!*"75(# ', $!%)%$'()">(

'!( )%*3,: ),5.! #5)-%$( %)( %+#, #'53"(39

 !" #$%&'()*+,-%'.& /+0%1

/+($'),:%.*('"$ 1%2( '!(,)8 "# 1(++?(#'%6+"#!(3 #$"(*'"4$ 3"#$"&+"*(@ 1!,#( %&&+"$%'",*#

"*$+53(@ 65' %)( *,' +":"'(3 ',@ )(:,'( #(*#"*.@ 3"."'%+ %*3 %*%+,. (+($'),*"$#@ &,1()

#8#'(:#@ 1")(+(## %*3 1")(3 $,::5*"$%'",*#@ )%3%) #8#'(:#@ ,&'"$#@ %*3 %#'),*,:89

/%$! %&&+"$%'",* "*2,+2(# '!( $)(%'",*@ :%*"&5+%'",*@ %*3A,) )($(&'",* ,- (+($')"$ %*3

:%.*('"$ 4(+3#9  !( 6(!%2",) ,- (+($'),:%.*('"$ 4(+3# "# $,:&+('(+8 3(#$)"6(3 68

0%B1(++C# /75%'",*# DEF@ EEG '!%' )(+%'( (+($')"$ %*3 :%.*('"$ 4(+3# "* '":( %*3 #&%$(@

."2(* 68

∇.D = ρ H%5##C+%1?(+($'),#'%'"$# IJ9KL

∇.B = 0 H%5##C +%1?:%.*(',#'%'"$# IJ9JL

∇×E = −∂B
∂t

M%)%3%8C# +%1 IJ9FL

∇×H = J+
∂D

∂t
N:&O)(?0%B1(++ +%1 IJ9EL

1!()( E "# '!( (+($')"$ 4(+3 %*3 H "# '!( :%.*('"$ 4(+3P '!( '1, 4(+3# $,*#'"'5'(# '!(

(+($'),:%.*('"$ 4(+39  !"#$%!$&'()* '+$ ,$-'./# 01(( "$ 2$#13&4'$2 ") ".(254-$ -+4/4-'$/#

4&2 '+$ !&1' ,$-'./# 01'+ 4 +4' .& 4 ".(254-$ -+4/4-'$/9  !( 75%*'"'"(# D %*3 B

E



 ! "#$%&'($)&*+ ,- .*(/)0,'&1$()2/ 3&4( 5/&))(02$1 6

57'8,* 9&'( 9#'(02/&* :&*#( 5; <$2) ,- =(&+#0(

ε0  !"##$ %&'$())( ()* 8.854× 10−12 +!'!,- %&' $&)&'

µ0  !"##$ %&'$&!.(/()* 1.256× 10−6 0&1'(&- %&' $&)&'

c 2%&&, 3+ /(40) (1  !"##$ 2.998× 108 $&)&'- %&' -&"31,

5!./& 6789 :#$&'("!/  !/#&- 3+ %&'$())( ()*; %&'$&!.(/()* !1, -%&&, 3+ /(40) (1  !"##$

,&-(41!)& '&-%&")( &/* )0& &/&")'(" !1, $!41&)(" (1,#")(31 <$!41&)(" =#> ,&1-()*?; ρ (-

)0& "0!'4& ,&1-()* !1, J (- )0& "#''&1) ,&1-()*  &")3'7 50& "#'/ !1, ,( &'4&1"& 3%&'!)3'

!'& ,&13)&, .*∇× !1,∇. '&-%&")( &/*7 50& #1()- #-&, !.3 & !'& )0& -)!1,!', 2@ #1()-7

50& &/&")'(" ,(-%/!"&$&1) A&/, D; )0& $!41&)(" =#> ,&1-()* B !1, )0& "#''&1)

,&1-()* J !'& '&/!)&, )3 )0& &/&")'(" !1, $!41&)(" A&/,- .* )0& +3//3B(14 '&/!)(31-

D = εE <67C?

B = µH <67D?

J = σE <67E?

B0&'& ε; µ !1, σ !'& )0& %&'$())( ()*; %&'$&!.(/()* !1, "31,#")( ()* 3+ )0& $!)&F

'(!/ '&-%&")( &/*7 @1  !"##$ )0&-& G#!1)()(&- !'& ,&13)&, .* ε0 !1, µ0H -!)(-A&- )0&

'&/!)(31-0(% c = 1/
√
ε0µ0, !1, -#$$!'(I&, (1 )0& )!./& 6787

@1 4&1&'!/; (1 )0& !.-&1"& 3+ "0!'4& !1, "#''&1); B& "3$$31/* #-&- )0& '&/!)( &

%&'$())( ()* εr =
ε

ε0
!1, '&/!)( & %&'$&!.(/()* µr =

µ

µ0

(1 )0& %'3%!4!)(31; B0("0

!//3B- )3 &>%'&-- )0& -%&&, 3+ B! & %'3%!4!)(31 !- ! +#1")(31 3+ )0& -%&&, 3+ /(40)9

v =
c

√
εrµr

<67J?

50& K!>B&// &G#!)(31- !'& !%%/("!./& +3' !1 (1A1()& $&,(#$; B0("0 ,3&- 13) '&=&")

'&!/()* !- & &'* $&,(#$ %3--&-- .3#1,!'(&-7 50&'&+3'&; +3' %'!")("!/ !%%/("!)(31- 3+ )0&

&/&")'3$!41&)(-$ )0&3'* () (- ($%3')!1) )3 )'&!) )0& .3#1,!'*  !/#& %'3./&$ .&)B&&1

)B3 $&,(#$- B()0 ,(L&'&1) &/&")'3$!41&)(" %'3%&')(&-7 2#%%3-& !1 !'.()'!'* (1)&'+!"&

S01 -&%!'!)(14 )B3 -&$(F(1A1()& $&,(#$- ,&13)&, .* Σ0 +3' )0& #%%&' 0!/+ $&,(#$

!1, Σ1 +3' )0& /3B&' $&,(#$ '&-%&")( &/*; !1, n̂ (- )0& )0& #1() 13'$!/  &")3' )3 )0&

(1)&'+!"& "31 &1)(31!//* 3'(&1)&, )3 )0& #%%&' 0!/+ $&,(#$ Σ0 >-&& M(47 678?7

50& .3#1,!'* "31,()(31- N6D; OCP "!1 .& B'())&1 #1,&' )0& /3"!/ +3'$ !- +3//3B-9

n̂. (B1−B) = 0 <67Q?

n̂. (D1 −D) = ρs <678R?

n̂× (E1 −E) = 0 <6788?

n̂× (H1 −H) = Js × n̂ <6786?
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1
Σ

 

0
Σ

 

n̂  

S01 

 !"#$% &'() *+,%$-./% 0%,1%%+ ,12 3%4! !+5+!,% 4%6!#43 Σ0 .+6 Σ1'

17%$% ρs .+6 Js $%8$%3%+,3 ,7% 3#$-./% /7.$"% 6%+3!,9 .+6 3#$-./% /#$$%+, 6%+3!,9

$%38%/,!:%;9< 17!/7 /.+ %=!3, 2+ ,7% !+,%$-./% 3%8.$.,!+" ,7% ,12 4%6!#43 > ρs = 0 -2$

6!%;%/,$!/ 4%6!#4< ρs = 0 .+6 Js = 0 -2$ 8%$-%/,;9 6!%;%/,$!/ 4%6!#4?' @7% %A#.,!2+3

>&'B? .+6 >&'((? .$% /.;;%6 ,7% /2+,!+#!,9 $%;.,!2+3 ., !+,%$-./% 6%3/$!0!+" ,7% /2+,!+#!,9

2- ,7% +2$4.; /2482+%+, 2- B .+6 ,7% ,.+"%+,!.; /2482+%+, 2- E $%38%/,!:%;9'

 !"!" #$%&'(')*%+ %, ' &-'+. /'0.

 #$,7%$42$%< -$24 C.=1%;;D3 %A#.,!2+3< 2+% /.+ 6%6#/% ,7% 1.:9 0%7.:!2$ 2- %;%/,$2E

4."+%,!/ 5%;6'  2$ . ;!+%.$< 7242"%+%2#3 .+6 !32,$28!/ 4%6!#4 1!,7 8%$4!,,!:!,9 ε

.+6 8%$4%.0!;!,9 µ< !+ ,7% .03%+/% 2- /7.$"% .+6 /#$$%+, >ρ = 0 .+6 J = 0? !, /.+ 0%

3721+ %.3!;9 ,7., .+9 %;%/,$!/ 5%;6 E 3.,!35%3 ,7% 7242"%+%2#3 1.:% %A#.,!2+ FGHI

∇2
E−εµ∂

2
E

∂t2
= 0 >&'(J?

K!4!;.$;9< ,7% 4."+%,!/ 5%;6 H :%$!-9)

∇2
H−εµ∂

2
H

∂t2
= 0 >&'(G?

LA#.,!2+3 >&'(J? .+6 >&'(G? .$% ,7% %;%/,$!/ .+6 4."+%,!/  !"# #$%!&'()*'

*+ ,7% 8.$,!/#;.$ /.3% 2- . 42+2/7$24.,!/ 1.:% 2- 8#;3.,!2+ ω< @7% 3%/2+6 6%$!:.E

,!:% 1!,7 $%38%/, ,2 ,!4% !3 %A#!:.;%+, ,2 4#;,!8;!/.,!2+ 09 ,7% -./,2$ −ω2(
!' %'<

∂
2E
∂t2

= −iω.− iω.E = −ω2
E

)
' M+6%$ ,7%3% /2+6!,!2+3< ,7% 1.:% %A#.,!2+

,.N%3 ,7% -2$4)

∇2
E−εµ∂

2
E

∂t2
= ∇2

E−
(
−ω2

)
εµE =∇2

E+K2
E >&'(O?
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 !"#" K $% &!"  '(" (")&*# %+)! &!'& K = |K| = ω
√
µε = 2π

λ
,  $&! ω $% &!" '-.+/'#

0#"1+"-)2 '-3 λ $% &!"  '(" /"-.&!4 5$-'//2, E ("#$02 &!" 6"/7!*/&8" "1+'&$*- 9:;<=

(
∇2

+K2
)
E = 0 >?4@;A

B$7$/'#/2 &!" 7'.-"&$) C"/3 H ("#$02 &!" 6"/7!*/&8 "1+'&$*-4

5*# "/")&#$) C"/3 &!" D/'-'# &#'("/$-.  '(" %*/+&$*- *0 &!"  '(" "1+'&$*-% $%

E = êEei(K.R−ωt)
>?4@EA

 !"#" R = xx̂ + yŷ + zẑ $% &!" D*%$&$*- (")&*#4 F- >?4@EA E $% &!" '7D/$&+3" *0 &!"

"/")&#$) C"/3 '-3 ê $% &!" 3$#")&$*- *0 "/")&#$) C"/34 5$.+#" ?4? %!* % '- $//+%&#'&$*-

*0 &!" D#*D'.'&$*- *0 ' D/'-" "/")&#*7'.-"&$)  '(" &* '#3% z 'G$%4 H!" '%%*)$'&"3

 

Propagation direction 

y 
x 

z 

5$.+#" ?4?= I*/'#$8"3 D/'-"  '("

7'.-"&$) C"/3 $% .$("- J2

H =
1

η
K̂×E >?4@KA

 !"#" η =
√
µ/ε $% &!"  '(" $7D"3'-)"4

 ! "#$%&'(#)* &*+ +#$,-#)* ). /0/'(%)1&2*/(#' 3&4/- 56

& %),27 #*(/%.&'/

 ! !" #$%&%'()(*+' +, #$+-.%/

5$.+#" ?4L %!* % ' ."*7"&#$) $//+%&#'&$*- *0 &!" D!"-*7"-*- *0 %)'&&"#$-.  $&! &!"

-*&'&$*- +%"3 0*# &!$% 7'-+%)#$D&4 M" !'(" )!*%"- &!" )'#&"%$'- )**#3$-'&" %2%&"7 (x̂,

ŷ, ẑ)  !*%" *#$.$- $% '& &!" )"-&"# *0 &!" $//+7$-'&"3 %+#0')"4
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ks ki kiz 

y 

z 

x 

R=(x,y,z) 

r =(x,y) 

Incident wave 

z=f(x,y) 

ksz 

 !"#$% &'() *$+,-!.+/ !//#01$+1!23 24 1-% 5%.12$!+/ ,+$+6%1%$0

7%1 E
i(R) 8% +3 %/%.1$26+"3%1!. ,/+3% 9+5% ,$2,+"+1!3" !3 1-% #,,%$ -+/4 6%:!#6

Σ0; 129+$:0 + $2#"- !31%$4+.% S01 0%,+$+1!3" 1-% /29%$ -+/4 6%:!#6 6%:!#6 Σ1' <-%

5%.12$ R !0 1-% ,20!1!23 5%.12$ 24 1-% .230!:%$%: ,2!31 %=,$%00%: 8> R = xx̂+yŷ+ zẑ'

<-% !3.!:%31 9+5% ,$2,+"+1%0 +/23" 1-% :!$%.1!23 Ki = KK̂i = kixx̂ + kiyŷ + kiz ẑ;

9-!.- 6+?%0 +3 +3"/% θi 9!1- 1-% 5%$1!.+/ +=!0 +3: ϕi 9!1- 1-% x +=!0 !3 1-% x−y ,/+3%
0'1'; 




kix = K sin θi cosϕi

kiy = K sin θi sinϕi

kiz = K cos θi

@&'ABC

D#,,20% r +3: k :%321% 1-% E1$+305%$0%E 9+5% 5%.12$0 @ !'%'; 5%.12$0 !3 x−y ,/+3%C
0'1'; r = xx̂+ yŷ +3: ki = kixx̂+ kiyŷ, 1-%3 1-% !3.!:%31 9+5% @&'AFC !3 1-% :!$%.1!23

K̂i 9!1- #3!1 +6,/!1#:% .+3 8% 9$!11%3 +0

E
i
(R,t) = êi exp (−i [ωt− (ki.r− kizz)]) @&'&GC

H4 9% 0#,,$%00 1-% 1!6% -+$623!. :%,%3:%3.% exp (−iωt) 1-% %=,$%00!23 24 !3.!:%31

9+5% 8%.26%0)

I  2$ 1-% 9+5%0 ,$2,+"+1!3" !3 3%"+1!5% z :!$%.1!23)

E
i
(R) = êi exp [i (ki.r− kizz)] @&'&AC

I  2$ 1-% 9+5%0 ,$2,+"+1!3" !3 ,20!1!5% z :!$%.1!23)

E
i
(R) = êi exp [i (ki.r+ kizz)] @&'&&C

<-% !3.!:%31 9+5% "%3%$+1%0 + $%J%.1%: 9+5% !3 1-% :!$%.1!23 K̂r +3: + 1$+306!11%:

9+5% !3 :!$%.1!23 K̂t' <-% 121+/ K%/: 23 1-% :!%/%.1$!. 0#$4+.% Σ0 !3 1-% #,,%$ -+/4
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 !"#$ #% &'! %$ () &'! #*+#"!*& ,!-" .*" &'! /!0!+&!" ,!-" #1!12

E(R) = E
i
(R) +E

r
(R) 341456

7'!/! E
r(R) #% &'! /!0!+&!" ,!-" #* &'! "#/!+&#(* K̂r .*" (θr, ϕr) ./! &'! .%%(+#.&!"

.*8-!% #* %9'!/#+.- "( .#*1 :'! &(&.- ,!-" (* &'! "#!-!+&/#+ %$/).+! S01 .% /!8./" &(

&'! &/.*% #%%#(*  !"#$ #% !;$.- &( &'! &/.*% #&&!" ,!-" E
t(R) #* &'! "#/!+&#(* K̂t

7#&' (θt, ϕt) ./! &'! .%%(+#.&!" .*8-!% #* %9'!/#+.- +((/"#*.&! %<%&! 1:'! $*=*(7*%

() &'! 9/(>-! ./! &'!/!)(/! &'! "#?/.+&!" ,!-"% #* /!0!+&#(* E
r(R) .*" &/.*% #%%#(*

E
t(R) >< &'! /($8' %$/).+!2 .& .*< 9(#*& R () &'! %9.+!1

:'! #*+#"!*& .*" "#?/.+&!" 7.@!% #* /!0!+&#(* @!/#,!% &'! A!- '(-&B !;$.&#(* #*

&'! $99!/ '.-)  !"#$ Σ0 .*" "#?/.+&!" 7.@! #* &/.*% #%%#(* @!/#)< &'! A!- '(-&B

!;$.&#(* #* &'! -(7!/ '.-)  !"#$ Σ1

∇2
+K2

α
E = 0 3414C6

7'!/! α = 0 #* &'! $99!/ '.-)  !"#$ .*" α = 1 #* &'! -(7!/ '.-)  !"#$ 1 :'!

"#?/.+&!" 7.@!% #* /!)!+&#(* .*" &/.*% #%%#(* ./! /!-.&!" &( &'! #*+#"!*& 7.@! (* &'!

/($8' #*&!/).+! >< &'! >($*"./< +(*"#&#(*% 341D6 &( 341E461 F#*.--<2 &( )(/ $-.&! &'!

9/(>-! +( 9-!&!-< &'!/!  $%& . >! . /."#.&#(* +(*"#&#(* .& #*,*#&<2 R→ +∞2 @!/#,!"
>< . )$*+&#(*% +.--!" G/!!* )$*+&#(*%2 &'.& 7! 7#-- $%! #* &'! %!;$!- HCIJ1

 ! ! "#$%&' ()**+,- ./+'0&1+

:'! #*&!8/.- )(/ $-.&#(* () &'! ,!-" 9!/ #&% $% &( %(-@! . &'/!! "# !*%#(*.- "#?/.+&#(*

9/(>-! >< /!%(-@#*8 . %<%&! () #*&!8/.- !;$.&#(*% "!,*!" (* . >#"# !*%#(*.- %$/).+!2

9/(@#"!" &'.& &'!  !"#$ #% '( (8!*!($%1 :'!%! #*&!8/.-% !;$.&#(*% +.* >! !K9/!%%!"

7#&' &'! '!-9 () G/!!*L% )$*+&#(*2 7'#+' 8#@!% &'! !-! !*&./< %(-$&#(* () A!- '(-&B

!;$.&#(* .*" %.&#%)<#*8 &'! /."#.&#(* +(*"#&#(*% .& #*,*#&<1

:'! G/!!*L% )$*+&#(* #% &'! %(-$&#(* () &'! ,!-" !;$.&#(* )(/ . 9(#*& %($/+!1 M%#*8

&'! 9/#*+#9-! () -#*!./ %$9!/9(%#&#(*2 &'! %(-$&#(* () &'! ,!-" "$! &( . 8!*!/.- %($/+!

#% N$%& &'! +(*@(-$&#(* () &'! G/!!*L% )$*+&#(* 7#&' &'! %($/+!1 :'! !;$.&#(* )(/ &'!

G/!!*L% )$*+&#(* )(/ &'! %+.-./ 7.@! !;$.&#(* #%

(
∇2

+K2

0

)
g (R,Rd) = −δ (R−Rd) 3414O6

7'!/! δ (R−Rd) #% &'! &'/!!P"# !*%#(*.- Q#/.+ "!-&. )$*+&#(* 7#&' &'! %($/+! -(+.&!"

.& Rd1 :'! %(-$&#(* () 3414O6 #% H4R2 CSJ

g (R,Rd) = g (R−Rd) =
eiK0|R−Rd|

4π |R−Rd|
3414R6
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 !" #$%#&' ()""*+, -.*'/&0* )"1%/", /!" 2"'/0) "1"'/)03%4*"/&' 5"1#, /0 2"'/0) '.))"*/

,0.)'",6

7)03 /!" 8%9:"11 ";.%/&0*, &* -)";."*'$ #03%&* :&/! exp (iωt) /&3" '0*2"*/&0*

∇×E = iωµH <=6=>?

∇×H = −iωµE+ J <=6=@?

∇.µH = 0 <=6=A?

∇.εE = ρ <=6BC?

&/ -0110:, /!%/ /!" "1"'/)&' 5"1# 0D"$, /!" 2"'/0) :%2" ";.%/&0*

∇×∇×E−K2

0E = iωµJ <=6BE?

:!")" K2

0
= ω2µε6

F* ,0.)'"G-)"" )"4&0*H J = 0H %*# :" !%2"

∇×∇×E−K2

0E = 0 <=6B=?

 !" -)"" ,I%'" #$%#&' ()""*+, -.*'/&0* ,%/&,5", /!" ";.%/&0*

∇×∇×G (R,Rd)−K2

0G (R,Rd) = Iδ (R−Rd) <=6BB?

:!")" I &, /!" .*&/ #$%#6

J,&*4 /!" #$%#&' ()""*+, -.*'/&0* KLAH MCN /!" "1"'/)&' 5"1# &, ";.%1 /0 /!" '0*201.G

/&0* 0- /!" #$%#&' ()""*+, -.*'/&0* :&/! /!" '.))"*/ ,0.)'"

E (R) = iωµ
∫
G (R,Rd) .J (Rd) dRd <=6BL?

 !" ,01./&0* /0 <=6BB? &,

G (R,Rd) =

(
I+

1

K2

0

∇∇
)
g (R,Rd) <=6BM?

 ! !" #$%&'()* +,-(.-/0' 1(2 345-(.5-6( 78'6,'9

8#91($+:; "0(+$(* <02$/2=*(

 !" O.$4"*,+G 7)",*"1 I)&*'&I1" KLLH MEH M=N &, % 3"/!0# 0- %*%1$,&, %II1&"# /0 I)0D1"3,

0- :%2" I)0I%4%/&0* <D0/! &* /!" -%) 5"1# 1&3&/ %*# &* *"%) 5"1# #&P)%'/&0*?6 Q''0)#&*4

/0 O.$4"*,+ '0*,/).'/&0*H  ! "# $%&'( %) * +*! )"%'( ,*# - .%'/&0 " 0 */ * . '( " %)

* / .%'0*"# 0&/(1"-*'. +2&.2 3&! / "&/ (% /$2 "&.*4 +*! 4 (/5 *'0 (2 +*! 6)"%'( *(

*'# 4*( " &'/(*'( ,*# - " 3*"0 0 */ (2  '! 4%$ %) (2 / +*! 4 (/6 7)",*"1 :%, %D1" /0

%''0.*/ -0) #&P)%'/&0* D$ ,.II1"3"*/&*4 O.$4"*,+ '0*,/).'/&0* :&/! /!" I0,/.1%/" /!%/
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 !" #"$%&'()* +(,"-" # ./ /(--* 0& ")1")" !"#$ %&'(#)*+#&) &, -./01)$2 %&)$+3.%+#&)

4#+" +"1 53#)%#561 &, #)+13,131)%1 #$ %*6617 +"1 -./01)$8931$)16 53#)%#561 

9&3 (7&'8*(: #, +4& 3&&'$ *31 %&))1%+17 (/ *) &51) 7&&34*/ *)7 * $&.)7 #$

53&7.%17 #) * 31'&+1 %&3)13 &, &)1 &, +"1': * 513$&) #) +"1 &+"13 3&&' 4#66 "1*3 +"1

$&.)7 *$ #, #+ &3#0#)*+17 *+ +"1 7&&34*/ ;$ ,*3 *$ +"1 $1%&)7 3&&' #$ %&)%13)17: +"1

<#(3*+#)0 *#3 #) +"1 7&&34*/ #$ +"1 $&.3%1 &, +"1 $&.)7 

=) 161%+3&'*0)1+#% 4*<1 +"1&3/ -./01)$2 53#)%#561 ,&3'.6*+#&) 0#<1$ *) 1>*%+ 316*8

+#&) +"*+ 1>531$$1$ +"1 ?167 #) * 310#&) &, $5*%1 +& +"1 ?167$ &) * $.3,*%1 +"*+ 1)%6&$1$

+"1 310#&) !".$ #, +"1 $.3,*%1 ?167$ *31 71+13'#)17: +"1) +"1 ?167$ *+ *)/ 5&#)+ #)

$5*%1 %*) (1 %*6%.6*+17 31*7#6/ 

.7)2$/)2,$ 9:(,0('

@>+#)%+#&) +"1&31' 71'&)$+3*+1$ +"*+ 4"1) *) 161%+3&'*0)1+#% 4*<1: 53&5*0*+#)0

4#+" +"1 <*%..' <16&%#+/ &, 6#0"+ c: #$ #)%#71)+ &) * "&'&01)1&.$ '17#.' 4#+" *

$"*35 (&.)7*3/: #+ #$ 1>+#)0.#$"17 #)$#71 +"1 '17#.' #) +"1 53&%1$$ &, #)+13*%+#&) *)7

#$ 3156*%17 (/ * 4*<1 53&5*0*+17 #) +"1 '17#.' 4#+" * <16&%#+/ c/n: 4"131 n #$ +"1

31,3*%+#<1 #)71> &, +"1 '17#.' ; %6*$$#%*6 +"1&31' (/ A A @4*67 BCDE *)7 F G 

H$11) BCIE 1>531$$1$ +"1 1>+#)%+#&) &, +"1 #)%#71)+ 4*<1 #) +13'$ &, *) #)+103*6 316*+#&):

+"*+ #)<&6<1$ +"1 #)7.%17 ?167 &) +"1 (&.)7*3/ &, +"1 '17#.' G1 J)&4 +"*+ .)713

+"1 #)K.1)%1 &, +"1 #)%#71)+ 161%+3&'*0)1+#% ?167 *)&+"13 ?167 4#66 (1 01)13*+17 #)$#71

+"1 7#161%+3#%: 4"#%" 4#66 "*<1 * 7#L131)+ 4*<1 ).'(13 *)7 "1)%1 * 7#L131)+ 5"*$1

<16&%#+/ 

!"#$ +"1&31' 0#<1$ * )&)86&%*6 (&.)7*3/ %&)7#+#&)$ $.(M1%+ +& 4"#%" +"1 ?167

1N.*+#&)$ 53&<#71 /&02/" $&6.+#&) ,&3 +"1 ?167$ E *)7 H #)$#71 +"1 $%*++13#)0 '17#.'

O# 1 : #)$#71 +"1 <&6.'1 V P: 4"1) *) 161%+3&'*0)1+#% ?167 E
i
: H

i
#$ #)%#71)+ &) +"1

'17#.' H)%1 +"1 $&6.+#&) #)$#71 +"1 $%*++13#)0 '17#.' "*$ (11) &(+*#)17 +"1 $&6.+#&)

&.+$#71 #+ '*/ (1 71+13'#)17 (/ $.($+#+.+#)0 +"1 (&.)7*3/ <*6.1$ #)+& +"1 $.3,*%1

#)+103*6$ BCQE 

;&):('&)2/&* 0(80(+($)&)2,$ ,- <#=1($+> 802$/28*( &$% .7)2$/)2,$ ):(,0('

R&+" -./01)$2 53#)%#561 *)7 1>+#)%+#&) +"1&31' %*) (1 713#<17 .$#)0 +"1 4*<1 1N.*+#&)

*)7 +"1 <1%+&3 S311)2$ +"1&31' BTUE V1%+&3 S311)2$ +"1&31' $+*+1$ +"*+ ,&3 *)/ +4&

<1%+&3$ P *)7 Q #) * 310#&) &, $5*%1 V :

∫

V

{P.∇×∇×Q−Q.∇×∇×P} dV =
∫
n̂. {Q×∇×P−P×∇×Q} dS OT DUP
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 !"#$% &'() *+%,-$./0"1%-!, 2,0--%$!1" 3!-4 2.#$,% J !1 5.+#/% V0'

34%$% S !2 0 2#$60,% -40- %1,+.2%2 5.+#/% V 017 n̂ !2 -4% .#-30$7 1.$/0+ .6 S -40-

8.!1-2 0309 6$./ 5.+#/% V '

:.12!7%$ %+%,-$./0"1%-!, 305% 2,0--%$!1" 3!-4 2.#$,% J !1 $%"!.1 0 -40- 402 8%$;

/!--!5!-9 ε 017 8%$/%0<!+!-9 µ 34!+% $%"!.1 1 402 8%$/!--!5!-9 ε1 017 8%$/%0<!+!-9 µ1

= !"' &'(>' ?%- S1 7%1.-% -4% 2#$60,% -40- %1,+.2%2 V1 3!-4 .#-30$7 1.$/0+ n̂@ 017 +%-

S∞ <% -4% 2#$60,% 0- !1A1!-9 3!-4 .#-30$7 1.$/0+ n̂∞ -40- %1,+.2%2 -4% 0++ .6 280,%'

 $./ -4% B0C3%++ %D#0-!.12@ 3% 405%

∇×∇×E−K2
E = iωµJ =&'EF>

∇×∇×E1 −K2

1E1 = 0 =&'EG>

3!-4 -4% <.#170$9 ,.17!-!.12 n̂×E = n̂×E1 017 n̂×H = n̂×H1 .1 S1'

H4% 6$%% 280,% I$%%1J2 6#1,-!.1 Go .<%92 -4% %D#0-!.1

∇×∇×Go (R,Rd)−K2
Go (R,Rd) = Iδ (R−Rd) =&'EK>

Go (R,Rd) =

(
I+

1

K2
∇∇

)
eiK|R−Rd|

4π |R−Rd|
=&'(L>

M.3%5%$@ Rd 02 "!5%1 !1 Go (R,Rd) ,01 <% !1 %!-4%$ $%"!.1 0 .$ $%"!.1 1' ?%- P = E

!1 =&'EN> 017 Q = Go (R,Rd) .a 017 V = Vo !1 -4% 5%,-.$ I$%%1J2 -4%.$%/ .6 =&'EN>@

3!-4 a <%!1" 01 0$<!-$0$9 ,.12-01- 5%,-.$' O% 405%

∫
Vo

{E (R) .∇×∇×Go (R,Rd) .a−Go (R,Rd) .a.∇×∇×E (R)} dV

= −
∫
S1

n̂. {Go (R,Rd) .a×∇×E−E×∇×Go (R,Rd) .a} dS

+
∫
S∞

n̂∞. {Go (R,Rd) .a×∇×E−E×∇×Go (R,Rd) .a} dS =&'(P>
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 !" #$%&'(" )*+",%'- ./"% S∞ /'*)#!"# 0"('$#" .& +!" %'1)'+).* (.*1)+).*2 3#)*, 452678

'*1 452698 )* 452:;8< =" !'/"

∫
Vo

{E (R) .aδ (R−Rd)− (Go (R,Rd) .a) .iωµJ (R)} dV

= −
∫
S1

n̂. {Go (R,Rd) .a×∇×E−E×∇×Go (R,Rd) .a} dS 452:58

 !" >)%'( 1"-+' &$*(+).* )* 452:58 .*-? (.*+%)0$+"# )& Rd )# )* %",).* 02  !" .+!"%

+"%@# ('* 0" #)@A-)B"1 0? $#)*, +!" #?@@"+%? %"-'+).* .& C%""*D# D&$*(+).*<

G
t

o
(R,Rd) = Go (Rd,R) 452:68

(∇×Go (R,Rd))
t
= ∇́ ×Go (Rd,R) 452::8

=!"%" #$A"%#(%)A+ t 1"*.+"# +!" +%'*#A.#" .& +!" 1?'1 '*1 +!" A%.A"%+)"# .& +%)A-" #('-'%

A%.1$(+ .& /"(+.%#2  !$#

{
E (Rd) .a )& Rd ∈ Vo

0 )& Rd ∈ V1
=

∫
Vo

a.Go (Rd,R) .iωµJ (R) dV

+
∫
S1

[a.Go (Rd,R) .n̂× iωµH (R) + a.∇́ ×Go (Rd,R) .n̂×E (R)] dS

452:E8

 !" (.*#+'*+ /"(+.% a ('* 0" ('*("-"1 &%.@ 0.+! #)1"# .& +!" "F$'+).*2  !" B%#+ +"%@

.* +!" %),!+G!'*1 #)1" )# +!" B"-1 ,"*"%'+"1 0? ($%%"*+ #.$%(" )* '* $*0.$*1"1 @"1)$@

=)+! A"%@)++)/)+? ε '*1 A"%@"'0);)+? µ '*1 (.%%"#A.*1# +. +!" )*()1"*+ B"-1 E
i
2  !$#

{
E (Rd) )& Rd ∈ Vo

0 )& Rd ∈ V1
= E

i
(Rd) +

∫
S1

[Go (Rd,R) .n̂× iωµH (R) +∇p ×Go (Rd,R) .n̂×E (R)] dS

452:H8

I* 452:H8< +!" %"-'+).* &.% Rd ∈ Vo )# J*.=* '# K$?,"*#D A%)*()A-" '*1 "LA%"##"# +!"

#('++"%"1 "-"(+%)( B"-1 )* +"%@# .& +'*,"*+)'- "-"(+%)( '*1 @',*"+)( B"-1# .* +!" #$%&'("

.& +!" #('++"%"%2  !" %"-'+).* )* 452:H8 &.% Rd ∈ V1 )# J*.=* '# +!" "L+)*(+).* +!".%"@
'*1 #!.=# +!'+ +!" %'1)'+).* .& +!" #$%&'(" B"-1 $#)*, Go< '# +!" A%.A','+.% )*+. V1

"L+)*,$)#!"# +!" )*()1"*+ ='/"2

 !" #$%&'()&*($+ $, & #%&+- .&/-

M.-'%)N'+).*< .% 1)%"(+).* .& A.-'%)N'+).*< %"&"%# +. +!" .%)"*+'+).* .& +!" B"-1 /"(+.%#

.& '* "-"(+%.@',*"+)( ='/" '+ ' ,)/"* A.)*+ 1$%)*, .*" A"%).1 .& .#()--'+).*2 I* %'1).

A!?#)(#< A.-'%)N'+).* %"&"%# +. +!" 1)%"(+).* .& +!" "-"(+%)( B"-1 #+%"*,+! /"(+.% E2
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 !"#$%&#'%!( %) '*+ ,$!,+$'- !. +"+/'$!0#1(+'%/ 2#3+) '*#' 4+)/$%5+) '*+ 4%$+/'%!(

!. '*+ '$#()3+$)+ +"+/'$%/ 6+"47 8!$+ 1+(+$#""-9 '*+ ,!"#$%&#'%!( !. # '$#()3+$)+ 2#3+

4+)/$%5+) '*+ 4%$+/'%!( !. !)/%""#'%!( %( '*+ ,"#(+ ,+$,+(4%/:"#$ '! '*+ 4%$+/'%!( !.

'$#3+"7

;!$ '*+ +"+/'$%/ 6+"4 '*+ ,"#(+ )%(:)!%4#" )!":'%!( .!$ #( +"+/'$!0#1(+'%/ 2#3+ '$#3<

+"%(1 %( '*+ z 4%$+/'%!( %)

E (z, t) =



Ex (z, t)

Ey (z, t)

Ez (z, t)


 =



|Ex| cos (ωt− kz + δx)

|Ey| cos (ωt− kz + δy)

0


 =>7?@A

2*+$+ |Ex| #(4 |Ey| #$+ '*+ #0,"%':4+) !. '*+ /!0,!(+(') !. +"+/'$%/ 6+"4 Ex #(4 Ey9

λ = c/f %) '*+ 2#3+ "+(1'* #(4 f %) '*+ .$+B:+(/-7 δx #(4 δy #$+ '*+ #5)!":'+ ,*#)+)

!. '*+ 6+"4 /!0,!(+(') #' '*+ !$%1%( (t = 0, z = 0)7

C+ /#( )*!2 '*#' %(4+,+(4+(' !. '%0+9 '*+ /!0,!(+(') Ex #(4 Ey 3+$%.- '*+

B:#4$#'%/ +B:#'%!( +B:#'%!( !. '*+ .!$0

(
Ex

|Ex|

)2

− 2
ExEy

|Ex| |Ey|
cos δ +

(
Ey

|Ey|

)2

= sin
2 δ =>7?DA

2*+$+ δ = δx−δy )*!2) '*+ ,*#)+ 4%E+$+(/+7 F*%) $+"#'%!( /!$$+),!(4) '! #( +B:#'%!(
!. +""%,)+ =)++ 61:$+ >7GA7 F*+ )'#'+ !. ,!"#$%&#'%!( !. # 2#3+ 2%"" 5+ /!0,"+'+"- ),+/%6+4

 

M 

b 

a 

x 

y 

ª 

A 

 !"#$% &'() *++!,-% ./ ,.+0$!102!.3 4!25 .$!%3202!.3 03"+% ψ 036 %++!,2!7!28 03"+% χ 45!75

0$% /#372!.3- ./ 90:.$ 0;!- a 036 9!3.$ 0;!- b'

<8 25% ,0$09%2%$- 750$072%$!1!3" 25!- %++!,-%= >3.43 0- %++!,-% ./ ,.+0$!102!.3 ?((@' A5%
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 !"#$ %& %'($!) )(%! ψ (* +$,!$+  * )-$  !"#$ .$)/$$! )-$ 0 1%' *$0(2 3(* %& )-$ $##(4*$

 !+ )-$ 32 3(*5 6-$ +%0 (! %& )-(*  !"#$ (*

[
−π

2
, π
2

]
.

6-$ $##(4)(7()8 (* 7- ' 7)$'(9$+ .8 )-$  !"#$ χ /-(7- '$4'$*$!)* )-$ %4$!(!" %& )-$

$##(4*$: +$,!$+  * )-$  '7) !"$!) %& )-$ ' )(% %& )-$ 0(!%'  !+ 0 1%'  3$*5 6-$ +%0 (!

%& )-(*  !"#$ (*

[
−π

4
, π
4

]
 !+ ()* *("!: .8 7%!;$!)(%!: "(;$* )-$ +('$7)(%! %& 4%# '(9 )(%!

• '("-) 4%# '(9 )(%! /-$! −π

4
< χ < 0,

• #$&) 4%# '(9 )(%! 0 < χ < π

4
.

<%'$%;$' (& )-$ $##(4)(7()8 (* 9$'%: )-$ / ;$ (* #(!$ '#8 4%# '(9$+  !+ (& )-$ $##(4)(7()8

(* ±π

4
+$"'$$*: )-$ / ;$ (* 7('7=# '#8 4%# '(9$+5

6-$  04#()=+$ A (* +$,!$+  *  &=!7)(%! %& )-$ #$!")- %& 0(!%'  3(*  !+ 0 1%'

 3(* .8

A =

√
a2 + b2 >?5@AB

A2 7- ' 7)$'(9$* )-$ +$!*()8 %& $!$'"8 %& )-$ / ;$ 7%##$7)$+  ) )-$ 4%(!) %& %.*$'2

; )(%!5 6-$  .*%#=)$ 4- *$ (* '$4'$*$!)$+ .8 )-$  !"#$ α .$)/$$! )-$ 0 1%'  3(* %&

)-$ $##(4*$ )% M 4%(!) 6-(* 4%(!) M (* +$,!$+  * )-$ (!)$'*$7)(%! %& )-$ 7('7#$ 7('7=02

*7'(.$+ )% )-$ $##(4*$  !+ )-$ %')-%"%! # 4'%1$7)(%! &'%0 )-$ 0 1%'  3(* %& )-$ $##(4*$:

%& )-$ $#$7)'(7 ,$#+  ) t = 05 6-$ +%0 (! %& )-(*  !"#$ α (* )-$ (!)$'; # [−π, π] .
C(! ##8: )-$ 4%# '(9 )(%! %&  / ;$ (* 7- ' 7)$'(9$+ .8 )-$ 7%=4#$ (ψ, χ): /-(7- (!&$'

)-$ ; '( )(%!* %& )-$ 7%04%!$!)* Ex  !+ Ey %& )-$ $#$7)'(7 ,$#+ E(t) /5'5)5: )-$  3(* x

 !+ y +$,!$+ (! )-$ 4# !$ %')-%"%! # )% z2 3(*5

tan (2ψ) = tan (2χ) cos (δ) >?5DEB

sin (2ψ) = sin (2χ) sin (δ) >?5DFB

/-$'$

tan (χ) =
|Ey|
|Ex|

>?5D?B

6/% 4 ')(7=# ' 7 *$* 7 ! .$ !%)$+

• χ = 0 7%''$*4%!+ )% #(!$ ' 4%# '(9 )(%!

{
ψ = 0G -%'(9%!) # 4%# '(9 )(%!

ψ =
π

2
G ;$')(7 # 4%# '(9 )(%!

>?5DHB

• χ = ±π

4
7%''$*4%!+ )% ;$')(7 # 4%# '(9 )(%!

{
ψ =

π

4
G '("-) 4%# '(9 )(%!

ψ = −π

4
G #$&) 4%# '(9 )(%!

>?5D@B

I$ /(## !%/ /'()$ )-$ $#$7)'%0 "!$)(7 / ;$ (!  ! #8)(7 # &%'0  !+ (!)'%+=7$ )-$

'$4'$*$!) )(%! %& )-$ 4%# '(9 )(%! )-'%="- J%!$* ;$7)%'5
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 !"!# $%&'( )'*+%,

 ! "#$ %&$'$()!* %+&+*&+%#, "#$ $-$'"&)' .$-( /0 + %-+!$ 1/!/'#&/1+")' 2+3$ /0

+&4)"&+&5 %/-+&)6+")/! )7 *)3$! 45 89:;<= )! &$+- 0/&1: >#)7 $-$'"&)' .$-( '+! +-7/ 4$

2&)""$! )! '/1%-$? 0/&1 +7 0/--/27

E (z, t) =



|Ex| ej(ωt−kz+δx)

|Ey| ej(ωt−kz+δy)

0


 89:@@=

A/& + 1/!/'#&/1+")' 2+3$, "#$ $-$'"&)' .$-( '/1%/!$!"7 /7')--+"$ +" "#$ 7+1$ 0&$BC$!'5

)! + 7)!C7/)(+- 1+!!$& +!( "#$&$0/&$ "$1%/&+- "$&1 '+! 4$ &$1/3$(: D$!'$ $BC+")/!

89:@@= '+! 4$ 2&)""$! +7

E (z, t) = e−jkz



|Ex| ejδx
|Ey| ejδy

0


 89:@E=

 ! +(()")/!, "#$ $-$'"&)' .$-( E(z) #+7 +! )($!")'+- %#+7$ +" $3$&5 %/)!" )! "#$ %-+!$

/0 + 2+3$ 86 '/!7"+!"=: >#C7, 2#)-$ '/!7)($&)!* "#$ '+7$ z = 0, "#$ )!0/&1+")/! /!

"#$ +1%-)"C($7 +!( "#$ %#+7$7 /0 "#$ '/1%/!$!"7 /0 $-$'"&)' .$-( )7 %&$7$&3$(: F/ )!

/&)*)!+- 0/&1 "#$ $-$'"&)' .$-( '+! 4$ 2&)""$! +7

E (0) =



|Ex| ejδx
|Ey| ejδy

0


 89:@<=

>#)7 3$'"/& )7 '+--$( "#$ G/!$7 3$'"/&, -)!H$( "/ "#$ 4+7)7 (x̂, ŷ), "#$ %&/I$'")/! /0 "#$

$-$'"&)' .$-( '/1%/!$!"7: >#$ 7%+")/J"$1%/&+- 3$'"/& $-$'"&)' .$-( '+! 4$ %$&0$'"-5

&$4C)-" 0&/1 "#$ G/!$7 3$'"/&, +''/&()!* "/ 0/--/2)!* &$-+")/!

E (z, t) = Re

(
E (0) ej(ωt−Kz)

)
89:@K=

F)!'$ "#$ G/!$7 3$'"/& '#+&+'"$&)6$7 '/1%-$"$-5 "#$ 7"+"$ /0 %/-+&)6+")/! /0 "#$ 2+3$,

"#$ %+&+1$"$&7 /0 "#$ $--)%7$ /0 %/-+&)6+")/! '+! 4$ &$()7'/3$&$(:

L!5 7"+"$ /0 %/-+&)6+")/!, &$%&$7$!"$( 45 )"7 G/!$7 3$'"/& G/!$7 E, 1+5 4$ $?%&$77$(

)! +! /&"#/!/&1+- 4+7)7 (x̂, ŷ) '+--$( '/&$ %/-+&)6+")/! +7

E = Exx̂+ Eyŷ 89:@M=

>#$ G/!$7 3$'"/& )7 C7C+--5 $?%&$77$( )! -)!$+& 4+7)7 /& ')&'C-+& 4+7)7: >#$ 1/7" '/1J

1/!-5 C7$( 4+7)7 +&$ "#$ -)!$+& 4+7)7 (ĥ, v̂) 2#$&$ h )7 "#$ 7"+"$ /0 #/&)6/!"+- %/-+&J

)6+")/! +!( v &$%&$7$!"7 "#$ 7"+"$ /0 3$&")'+- %/-+&)6+")/!: >#$7$ 4+7)7 2)-- 4$ C7$(

+0"$&2+&(:
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 !"! #$%&'$() *+,-$. (/ + 0+-12,

 !" #$%&'()&*($+ $, *!" "%"-*'$.&/+"*(- #%&+" 0&1" 2-&**"'"3 45 & *&'/"* (2 /"+"'&%%5

3(6"'"+* ,'$. *!&* $, *!" (+-(3"+* 0&1"7 8"* Ei
&+3 Er

'"#'"2"+* *!" 9$+"2 1"-*$' $,

*!" *'&+2.(**(+/ &+3 '"-"(1(+/ "%"-*'$.&/+"*(- 0&1"2: '"2#"-*(1"%57  !(2 #$%&'()&*($+

-!&+/" '"#'"2"+*2 *!" #'$#"'*("2 $, *!" *&'/"* ";#'"22"3 45 *!" -$!"'"+* 2-&**"'(+/

.&*'(; S &%2$ <+$0+ &2 *!" =(+-%&(' >?@ABC .&*'(; DAEF7  !(2 .&*'(; (2 & 2× 2 -$.#%";

.&*'(; '"%&*(+/ *!" 9$+"2 1"-*$'2 $, *!" *'&+2.(**(+/ 0&1" &+3 *!" '"-"(1(+/ 0&1" DAAF7

G* 3"#"+32 $+ *!" #$%&'()&*($+ 4&2(2 &2 #'"2"+*"3 45 H$** >?@IE: ?@@JC DAKF7 L2(+/

&+ $'*!$/$+&% %(+"&' (HV ) #$%&'()&*($+ 4&2(2: *!" -$.#$+"+*2 $, *!" '"-"(1"3 Er
&+3

*'&+2.(**"3 Ei
"%"-*'(- M"%3 ";#'"22"3 (+ *!" #$%&'()&*($+ 4&2"2 (vr,hr): &+3 (v,h)

'"2#"-*(1"%5: &'" '"%&*"3 45

Er
=

[
Er

vr

Er

hr

]
=

[
Svrv Svrh

Shrv
Shrh

][
Ei

v

Ei

h

]
= SBSAEi

>J7EB&C

 !" 2-&**"'(+/ .&*'(; (2 ";#'"22"3 (+ >?C N2(+/ *!" 4&-<2-&**"'(+/ &%(/+."+* >O=PC

-$+1"+*($+7

G+ *!" ,$'0&'3 2-&**"'(+/ &%(/+."+* >Q=PC -$+1"+*($+ *!" 2-&**"'"3 M"%3 (2 ";R

#'"22"3 (+ *!" (vs,hs) 4&2(2 2N-! &2 DAKF

Es
=

[
Es

vs

Es

hs

]
=

[
Svsv Svsh

Shsv
Shsh

][
Ei

v

Ei

h

]
= SFSAEi

>J7E?C

 !" 2-&**"'(+/ .&*'(-"2 ";#'"22"3 (+ 4$*! -$+1"+*($+2 &'" '"%&*"3 45 DAKF

SFSA
=

[
1 0

0 −1

]
SBSA

>J7EJC

 !" -$"S-("+*2 $, *!" 2-&**"'(+/ .&*'(; 3"#"+3 $+ *!" /"$."*'(-&% &+3 #!52(-&% >#"'R

.(**(1(*5 &+3 -$+3N-*(1(*5C ,"&*N'"2 $, *!" *&'/"*7  !"5 &'" &%2$ ,N+-*($+2 $, *!" *&'/"*

$42"'1&*($+ &+/%"2 >%$-&*($+2 $, *!" *'&+2.(**"' &+3 *!" '"-"(1"' -$.#&'"3 0(*! *!"

*&'/"*C &+3 $, *!" ,'"TN"+-5 $, *!" *'&+2.(**"3 0&1"7

U$+2(3"'(+/ *!" -!$2"+ -$+1"+*($+ >Q(/7 J7EC ,$' *!" &+/%"2 -!&'&-*"'()(+/ *!"

(+-(3"+* &+3 3(6N2"3 3('"-*($+2: *!" N+(* 1"-*$'2 3"M+(+/ *!" 4&2"2 $, #$%&'(2&*($+ (+

-$+1"+*($+ Q=P &+3 O=P -&+ 4" ";#'"22"3 (+ %$-&% -$$'3(+&*" #%&+" (x̂, ŷ, ẑ) &2




K̂ = sin θ cosϕ.x̂+ sin θ sinϕ.ŷ − cos θ.ẑ

v̂ = − cos θ cosϕ.x̂− cos θ sinϕ.ŷ − sin θ.ẑ

ĥ = − sinϕ.x̂+ cosϕ.ŷ

>J7EVC





K̂s = sin θs cosϕs.x̂+ sin θs sinϕ.ŷ + cos θs.ẑ

v̂s = cos θs cosϕs.x̂+ cos θs sinϕs.ŷ − sin θs.ẑ

ĥs = − sinϕs.x̂+ cosϕs.ŷ

>J7EWC
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Emission Reception 

 !"#$% &'() *%+,%-$!./0 .+12"#$/-!+1 +3 4!5-/-!. 5./--%$!1"'

/16 



K̂r = −K̂s

v̂r = v̂s

ĥr = −ĥs

7&'(89

:;%5% %<#/-!+15 /$% $%0/-%6 -+ / 4!5-/-!. .+12"#$/-!+1 =;/-5+%>%$' ?1 -;% +-;%$

;/16 "%+,%-$@ +3 3+$=/$6 A$+A/"/-!+1 !5 6%21%6 4@ θs = θ /16 ϕs = ϕ' :;% 4/.B5./-C

-%$!1" !5 +4-/!1%6 4@ -/B!1" θs = θ /16 ϕs = ϕ+ π'

 !" #$%&%'()&*+(*'+ ,- .%/0,1 .,23$ 42&-%')+

D+ -=+ 5#$3/.%5 /$% !6%1-!./0 /16 %>%1 -;+5% 3+$,%6 4@ / =%00 .+1-$+00%6 A$+.%55E 5#.;

/5 -#$1!1"E =!00 %/.; A+55%55 / #1!<#% 5#$3/.% 3+$,' F-/-!5-!./0 -%.;1!<#%5 /$% $%<#!$%6

3+$ 6%5.$!4!1" 5#.; / 5#$3/.%5'

G $+#"; 5#$3/.% !5 #5#/00@ 6%5.$!4%6 !1 -%$,5 +3 !-5 6%>!/-!+1 3$+, / 5,++-; H$%3C

%$%1.% 5#$3/.%I' :;%$% /$% -=+ /5A%.-5 -+ -;% 1/-#$% +3 / $/16+, $+#"; 5#$3/.%) -;%

5A$%/6 +3 ;%!";-5 /4+#- -;% $%3%$%1.% 5#$3/.% /16 >/$!/-!+1 +3 ;%!";- /0+1" 5#$3/.%' G

>/$!%-@ +3 5-/-!5-!./0 6!5-$!4#-!+15 /16 A/$/,%-%$5 ,/@ 4% #5%6 -+ 6%5.$!4% -;%5% 5#$3/.%

A$+A%$-!%5' J% ;%$% .+1.%1-$/-% +1 5#$3/.% ;%!";- 6!5-$!4#-!+1 3#1.-!+15 /16 5#$3/.%

.+$$%0/-!+1 3#1.-!+15'
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 !"!# $%&'() *+,-.-&/&)0 1&2)+&-3)&,4

 !" #"$%&'%() (* & +,-*&." *-(/ '!" +/(('! -"*"-")." +,-*&." %+ -"0-"+")'"# 12 '!"

*,).'%() z(m)3 4!"-" z %+ '!" !"%5!' (* '!" +,-*&." *-(/ '!" -"*"-")." +,-*&." &)# m

%+ '!" 0(+%'%() $".'(- (* 0(%)'+ () '!" -"*"-")." +,-*&." 67%58 98:;8  !" +,-*&." %+ '!,+

&++,/"# '( 1" 0&-' (* & .()'%),(,+ -&)#(/ 0-(."++3 z8  !" #%+'-%1,'%() (* +,-*&."

!"%5!'+ %+ #"+.-%1"# 12 '!" +'&'%+'%.&< !"%5!' #%+'-%1,'%()3 p(z)3 4!"-" p(z)dz %+ '!"

0-(1&1%<%'2 (* &)2 +,-*&." 0(%)' 1"%)5 &' & !"%5!' 1"'4"") z &)# z+ dz &4&2 *-(/ '!"

/"&) +,-*&."8

 

x 

y 

m(x,y) 

z(m) 

z 

7%5,-" 98:= ><<,+'-&'%() (* !%5!' #%+'-%1,'%() (* & -&)#(/ -(,5! +,-*&."8

>' %+ ,+,&< '( ")+,-" '!&' z +&'%+?"+

〈z〉s =
∞∫

−∞

zp(z)dz = 0 698@@;

4!"-" 〈...〉s #")('"+ '!" 0-(."++ (* +0&'%&< &$"-&5%)53 '!&' %+3 &$"-&5%)5 &.-(++ '!"
+,-*&."8  !" -((' /"&) +A,&-" 6-/+; !"%5!' (* '!" +,-*&." %+ '!") "A,&< '( '!" +'&)#&-#

#"$%&'%() &)# %+ 5%$") 12

h =
√
〈z2〉s =

√√√√√
∞∫

−∞

z2p(z)dz 698@:;

>) .&+" (* & -&)#(/ +,-*&."3 '!" $&-%&)." h2 .!&-&.'"-%B" '!" #"5-"" (* $"-'%.&< -(,5!)"++

(* '!" +,-*&."3 '!%+ #"5-"" %+ (*'") "C0-"++"# 48-8'8 '!" "/%''"# 4&$" <")5'!8
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 !" #$ %&" '(#)"** +#*%,- .*"/ 0! ,0%"(1%.(" %# /"2!" 1 (1!/#+ '(#)"** 0* 1 31.**01!

'(#)"** 1!/ 0* )&1(1)%"(04"/ 5- %&" /"!*0%- $.!)%0#! 607"! 5- 899:

p(z) =
1

h
√
2π

exp

(
− z2

2h2

)
;9<=>?

@% &1* 96% #$ 0%* /0*%(05.%0#! A0%&0! %A# *%1!/1(/ /"701%0#!* #$ %&" +"1!< B&0*

/0*%(05.%0#! 0* *-++"%(0)1, 15#.% 4"(# *# %&1% 31.**01! *.($1)"* &17" 1! "C.1, !.+5"(

#$ *.($1)" '#0!%* 15#7" 1!/ 5",#A %&" ("$"("!)" *.($1)" 1!/ 1,, #// #(/"( +#+"!%* #$

z 71!0*&<

@! 2(*% 1''(#D0+1%0#! %&" '(#2," #$ !1%.(1, *.($1)" 0* *.''#*"/ 31.**01!< @! $1)%

%&" !1%.(1, *.($1)"* A&0)& 1(" %&" ("*.,% #$ 1 ,1(6" !.+5"( #$ ,#)1, "7"!%*E #5"- 1 *%1%0*F

%0)1, /0*%(05.%0#! A&0)& 1''(#1)&"* %# 1 31.**01! /0*%(05.%0#!< B&0* ("*.,% 1''(#1)&"*

%# )"!%(1, ,0+0% %&"#("+< @$ 1 (1!/#+ 71(015," z 0* %&" *.+ #$ (1!/#+ 71(015,"* ziE

A&"(" zi 1(" 0!/"'"!/"!%E %&"! .!/"( $10(,- 6"!"(1, )#!/0%0#!* %&" /0*%(05.%0#! #$ z

0* 31.**01!< G"(" %&" (1!/#+ 71(015," zi )#(("*'#!/ %# *.($1)" &"06&%* $(#+ %&" ith

0!/"'"!/"!% '(#)"**E "1)& '(#)"** )#!%(05.%0!6 ).+.,1%07",- %# %&" 2!1, *.($1)" &"06&%<

 !"! #$%&'() *+%%),'-.+/0

B&" /0*%(05.%0#! #$ *.($1)" &"06&% /#"* !#% )&1(1)%"(04" 1 *.($1)" )#+',"%",-< H#(

"D1+',"E %&" %&("" *.($1)"* *&#A! 0! H06< 9<> &17" 1 31.**01! &"06&% /0*%(05.%0#! 1!/

*1+" (+* ;(##% +"1! *C.1("? &"06&%

G#A"7"( %&" *.($1)" '(#2,"* 1(" /0I"("!% 5")1.*" #$ %&" J/0I"("!% ,"!6%& *)1,"*K

#7"( A&0)& ,"!6%& )&1!6"* #)).( 1,#!6 %&" *.($1)"<

L.)& *.($1)"* +1- 5" /0*%0!6.0*&"/ 5- %&"0( )#((",1%0#! $.!)%0#!* ;#( 1.%#)#((",1F

%0#! $.!)%0#!*?E /"2!"/ 1*

ρ (M) =
〈z (m) z (m+M)〉

h2
;9<=M?

B&" )#((",1%0#! $.!)%0#! &1* %&" '(#'"(%- %&1% ρ (0) = 1< N* M 0!)("1*"* ρ (M)

A0,, /")1- %# 4"(#E A0%& %&" *&1'" #$ %&" /")1- /"'"!/* #! *.($1)" '(#2,"<

B&" %&"#(- #$ A17" *)1%%"(0!6 $(#+ (#.6& *.($1)"* #$%"! 1**.+"* %&1% *.($1)" )#(F

(",1%0#! $.!)%0#!* 1(" 31.**01! 1!/ +1- 5" 607"! 5-

ρ (M) = exp

(
M2

l2

)
;9<OP?

A&"(" l 0* %&" )#((",1%0#! ,"!6%&<

N!#%&"( %-'" #$ )#((",1%0#! $.!)%0#!* %&" "D'#!"!%01,E 1!/ &1* %&" $#(+

ρ (M) = exp

( |M |
l

)
;9<OQ?
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−10 −5 0 5 10
−5

0

5

m

(a)

z
(m

)

−10 −5 0 5 10
−2

0

2

m

(b)

z
(m

)

−10 −5 0 5 10
−2

0

2

m

(c)

z
(m

)

 !"#$% &'() *$+,-% +. / 0/#11!/2 3!14$!5#4!+2 6!47 #2!4 8/$!/29% /23 3!:%$%24 9+$$%-/;

4!+2 -%2"471) </=l = 0.1> <5=l = 0.4> <9=l = 1'

 !"!# $%&'( )'*+(,-%,./*

78&0&/)(02+)2/ -#$/)2,$

?7% +2%;3!@%21!+2/- 97/$/94%$!14!9 .#294!+2 +. / $+#"7 1#$./9% !1 47%  +#$!%$ 4$/21.+$@

+. 47% A$+5/5!-!4B 3%21!4B .#294!+2)

χ (s) =

∞∫

−∞

p(h)ejshdh <&'C&=

?7!1 .#294!+2 A$+8!3%1 / @%/1#$% +. 47% A7/1% @+3#-/4!+2 +. / 6/8% /4 / $+#"7

1#$./9%' ?7% 46+;3!@%21!+2/- 97/$/94%$!14!9 .#294!+2 !1 "!8%2 5B

χ (s1, s2) =

∞∫

−∞

p(h1, h2)e
j(s1h1+s2h2)dh1dh2 <&'CD=

67%$% h1 /23 h2 /$% 1#$./9% 7%!"741 @%/1#$%3 /4 3!:%$%24 1#$./9% A+!241'
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6,7(0 +8(/)0#'

 ! "#$%&!"$'(% )%*+&',$'-! -. " &"!)-/#0 &-123 *1&."+% '* -4$"'!%) $3&-123 $3% ,-5%&

*,%+$&1/6 73'* '* )%8!%) "* $3% 9-1&'%& $&"!*.-&/ -. $3% +-&&%#"$'-! .1!+$'-!:

W (K) =
1

2π

∞∫

−∞

ρ (M) ejKMdM ;<6=>?

53%&% K '* $3% 5"(% !1/4%&6 73% $-$"# "&%" 1!)%& $3% ,-5%& *,%+$&1/ 2'(%* $3%

("&'"!+% -. $3% *1&."+%:

∞∫

−∞

p(K)dK = h2 ;<6=@?

9-& $3% +"*% -. *$"$'-!"&0 A"1**'"! 3%'23$ )'*$&'41$'-! 5'$3 B%&- /%"! "!) &/*

3%'23$ h $3% *,%+$&"# )%!*'$0 '* %C1"# $-

W (K) =
1

2
√
π
exp

(
−K

2l2

4

)
;<6=D?

"!) .-& "!'*-$&-,'+ *1&."+% 5'$3 A"1**'"! +-&&%#"$'-! .1!+$'-! '$ $"E%* $3% .-&/

W (k1, k2) =
h2lxly

4π
exp

(
−k

2
x
l2
x

4
−
k2
y
l2
y

4

)
;<6==?

53%! kx "!) ky "&% +-/,-!%!$* -. 5"(% (%+$-& '! x "!) y )'&%+$'-!6 9-& %F,-!%!$'"#

+-&&%#"$'-! .1!+$'-! $3% ,-5%& *,%+$&1/ '* 2'(%! 40

W (k1, k2) =
h2

lxlyπ2
1

(1/l2
x
+ k2

x
)

1(
1/l2

y
+ k2

y

)
;<6=G?

9+,)0,8:; +)&)2,$&02): &$% (01,%2/2):

H%(%&"# "**1/,$'-!* "&% -.$%! '/,#'+'$ '! $3% *$"$'*$'+"# $3%-&0 -. &"!)-/ &-123 *1&."+%6

73%*% "**1/,$'-!* "&% )%*+&'4%) "* .-##-5*6

 &-123 *1&."+% '* '*-$&-,'+ '. $3% *$"$'*$'+* -. $3"$ *1&."+% "&% '!)%,%!)%!$ -.

)'&%+$'-! "#-!2 $3% *1&."+%6 I. $3% *$"$'*$'+* -. -!% *%+$'-! -. $3% *1&."+% '* *"/% "* $3%

*$"$'*$'+* )%$%&/'!%) .&-/ " )'J%&%!$ *%+$'-! -. $3% *"/% *1&."+% $3%! '$ '* *"') $- 4%

" *$"$'-!"&0 *1&."+% "!) '$ '* %&2-)'+ '. $3% *,"$'"# "(%&"2% ;"(%&"2% $"E%! -(%& /"!0

)'J%&%!$ ,"&$* -. -!% *1&."+% &%"#'B"$'-!? '* %C1"# $- $3% %!*%/4#% "(%&"2% ;"(%&"2% -(%&

/"!0 &%"#'B"$'-!*?6

 !" #$%$&'$&(%) *+'(,&-$&./ .0 $1+ *&23'+* 4+)*

K"$1&"# *1&."+%* ;%626L *%" *1&."+%L *!-50 +-(%&%) *1&."+% "!) (%2%$"$'-! +"!-,'%* %$+6?

+"! 4% +-!*')%&%) "* &-123L "!) $3% &-123!%** '* $3% )-/'!"!$ ."+$-& .-& $3% *+"$$%&'!2
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 !"#$%&' &( #) *+ ,#$!- ."! '&/0")!11 &( #)2 13#44!'%)0 1/'(#3!1 %1 )&4 #) %)4'%)1%3

5'&5!'42 &( 4"#4 1/'(#3!  /4 6!5!)61 &) 4"! 5'&5!'4%!1 &( # ,#$!  !%)0 4'#)17%44!6-

8&4"9 4"! ('!:/!)32 #)6 4"! ;&3#; #)0;! &( %)3%6!)3! &( 4"! 4'#)17%44!6 ,#$!9 6!4!'7%)!

"&, '&/0" #)6 17&&4" #)2 1/'(#3! #55!#'1 4&  !- ."! '!;#4%&) &( 4"! *+ ,#$! %) 4!'71

&( %41 ,#$! ;!)04" λ 4& 4"! 14#4%14%3#; '&/0")!11 5#'#7!4!' h %1 0%$!)  2 kh- ."/1 ,%4"

%)3'!#1%)0 ,#$!;!)04"9 4"! '&/0")!11 4!'7 %1 6!3'!#1%)09 3&)1!:/!)4;29 4"! %)6%3#4%&) &(

'!;#4%$! '&/0")!11 (&' #)2 1/'(#3! %1 6!5!)6%)0 &) 4"! ,#$!;!)04" #1 K = 2π/λ- <;1&

4"! ;&3#; %)3%6!)3! #)0;! 5;#21 #) %75&'4#)4 '&;! (&' 6!=)%)0 4"! '&/0")!11 3&)6%4%&)

&( # 1/'(#3!- >) 4"! )!#' =!;6 &( 4"! 5'&5#0#4%)0 *+ ,#$!9 4"! 1/'(#3! #55!#'1 '&/0"!'

4"#) %) 4"! (#' =!;69 ,"%3" 3#)  ! 3&75#'!6 ,%4" 4"! '!?!34%&) &( 4"! 1/)1!4 &$!' 4"!
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H : -'-)3 ,)5."-$& 2"346

 ' &)3&03)-" -!" /&)--"%"4 2"34 ;" !)=" -' "=)30)-" -!" >0).-$-$"/ n̂∧E ).4 n̂∧H

P0- 5"."%)3398 -!"/" >0).-$-$"/ )%" 4$Q&03- -' "=)30)-"8 -!"%"1'%" $- $/ ."&"//)%9 -' ,)A"

/$,*3$19$.5 )//0,*-$'./6 P9 )4'*-$.5 ) /0%1)&" ;!'/" %)4$0/ '1 &0%=)-0%" $/ 5%")-"%

-!). -!" $.&$4".- "3"&-%'5".$& ;)="3".5-!8 ;" &). )//$,$3)-" -!" *%'23" '1 -!" /0%1)&"

-' ). $.2.$-" *3)." -).5".- -' -!" /0%1)&"6 7.4"% -!"/" &'.4$-$'./8 -!" 3);/ '1 J."33R

S"/&)%-"/ &). :" )**3$"46  !".8 -!" -).5".-$)3 2"34 &',*'.".-/ &). :" ;%$--". )/ )

10.&-$'. '1 <%"/."3 &'"Q&$".-/ DMOF6



 ! "#$%&' #( $)*+')#,  -

 ! "#$ %&''&()!*+ ($ ()'' ,-$.)%/ "#$ '&.0' *$&1$"2/ 03&-"$3 %&2 "#), 1$"#&3+ "#$!

($ ()'' *)4$ "#$ 3$"0)', &% 10"#$10").0' .0'.5'0")&!,+ (#).# .&1$, 60.7 "& "& 8!3 "#$

0!0'/").0' $9-2$,,)&! &% "#$ 3):5,)&! 10"2)9;

.#/0& 1%#2%345

<#$ )!.)3$!" 8$'3 E
i
), "07$! -020''$' "& "#$ -&'02)=0")&! 4$."&2 a >$)"#$2 $?50' "& h+

4$."&2 )! "#$ -'0!$ -$2-$!3).5'02 "& "#$ )!.)3$!" -'0!$ &2 v+4$."&2 .&!"0)!, "#$ )!.)3$!"

-'0!$@ 6$ "#$ )!.)3$!" 8$'3 3$8!$3 6/ "#$ $9-2$,,)&!+ )" .0! 6$ (2)""$! )! "#$ %&21

E
i
= ae−jK(n̂i.R)

>A;B@

(#$2$ n̂i ), "#$ 5!)" 4$."&2 )! "#$ 3)2$.")&! &% )!.)3$!" 8$'3 0!3 K ), "#$ (04$ !516$2;

C)*52$ A;D )''5,"20"$ "#$ '&.0' 2$%$2$!.$ -'0!$ 0" 0 -&)!" &% "#$ ,.0""$2$3 ,52%0.$;

Tangent plane 

Rough surface n 

θs θ 

ni 
t 

d 

C)*52$ A;DE F&.0' *$&1$"2/ &% "#$ ,.0""$2)!* -2&6'$1

<#$ '&.0' 2$%$2$!.$ $9-2$,,$, )",$'% 0..&23)!* "& "#$ &2)$!"0")&! &% "#$ )!.)3$!" 20/

n̂i 0!3 &% '&.0' !&210' n̂ "& "#$ ,52%0.$

{
t =

n̂i∧n̂
‖n̂i∧n̂‖

d = n̂i ∧ t
>A;G@

H!3$2 "#$ 0--2&9)10")&! &% "0!*$!" -'0!$+ "#$ ,.0""$2$3 8$'3 6/ "#$ ,52%0.$ ), "#$

,51 &% )!.)3$!" 8$'3 0!3 "#$ 2$I$."$3 8$'3 6/ "#$ )!8!)"$ "0!*$!" -'0!$+ 0" "#$ ,52%0.$

&% .&!,)3$2$3 -&)!"; ()"# "#$,$ .&!3)")&!, "#$ "0!*$!")0' .&1-&!$!", &% $'$."2). 0!3

10*!$"). 8$'3, 02$ *)4$! 6/

{
n̂ ∧E = E0 [(1 +Rh) (a.t) (n̂ ∧ t)− (1−Rv) (n̂.n̂i) (a.d) t] e

−jk(n̂i.R)

η (n̂ ∧H) = −E0 [(1−Rh) (a.t) (n̂.n̂i) t+ (1 +Rv) (n̂ ∧ t) (a.d) t] e−jk(n̂i.R)

>A;J@



 ! "#$%&' #( $)*+')#,  -

 !"#" Rh $%& Rv #"'#"("%) )!" *#"(%"+ ,-".,/"%)( -0 #"1",)/-% /% !-#/2-%)$+ $%& 3"#4

)/,$+ '-+$#/2$)/-%56!"7 $#" "8'#"(("& $( $ 09%,)/-% -0 +-,$+ /%,/&"%) $%:+"





Rh =
cos θl−

√
εr−sin

2
θl

cos θl+

√
εr−sin

2
θl

Rv =
εr cos θl−

√
εr−sin

2
θl

εr cos θl+

√
εr−sin

2
θl

;<5=>

.,/&01)2/& 3456%'')#,

?7 9(/%: )!" #"+$)/-% ;<5@> $%& ;<5A> )!" (,$))"#"& B"+& C7 )!" (9#0$," "%+/:!)"%"& C7

$% /%,/&"%)  $3" /(  #/))"% $(

E
s
= −jk e

−jkRr

4πRr

n̂s ∧
∫
[n̂ ∧E− ηn̂s ∧ (n̂ ∧H)] ejkr(n̂s−n̂i)ds ;<5D>

E3"%  /)! )!" $''#-8/F$)/-% -0 )$%:"%) '+$%"G "H9$)/-% ;<5D> ,-%)$/%( $ ,-F'+"8

3",)-#/$+ /%)":#$+  !/,! %","((/)$)"( )!" -)!"# $''#-8/F$)/-%( )- F$%$:" )!/( '#-C+"F5

6!" F-()+7 9("& $''#-8/F$)/-% /( ,$++"& )!" ()$)/-%$#7 '!$(" -# )!" :"-F")#/, -')/,(

$''#-8/F$)/-%5 I,,-#&/%: )- )!/( $''#-8/F$)/-% )!" '-/%)(  !/,! ,-%)#/C9)" /% )!"

(,$))"#/%: $#" $#" )!" ('",9+$# '-/%)(G /G"G5 )!" '-/%)(  !"#" )!" ('",9+$# #"1",)/-% /(

'#-&9,"& C") ""% )!" &/#",)/-% -0 /%,/&"%)  $3" $%& )!" &/#",)/-% -0 (,$))"#"&  $3"5

6!"(" $#" )!" '-/%)(  !"#" )!" 3",)-# /( %-#F$+ )- )!" (9#0$,"5 J$)!"F$)/,$++7 /0  "

)$K" Q !$3/%: )!" '!$("

Q = k (R. (n̂s − n̂i)) = qxx
′
+ qyy

′
+ qzz

′
;<5LM>

R = [x′, y′, z′] /( )!" ,--#&/%$)"( -0 )!" '-/%) -0 (,$))"#"& (9#0$,"G $%&





qx = K (sin θs cosϕs − sin θ cosϕ)

qy = K (sin θs sinϕs − sin θ sinϕ)

qz = K (cos θs + cos θ)

;<5LL>

6!" ()$)/-%$#7 ,-%&/)/-% /( 3"#/B"& /0  " !$3"

{
∂Q

∂x′
= 0 = qx + qz

∂z
′

∂x′
= qx + qzZx

∂Q

∂y′
= 0 = qy + qz

∂z
′

∂y′
= qy + qzZy

;<5LN>

 !"#" Zx $%& Zy &"(/:%$)"( )!" (+-'"( -0 )!" (9#0$," 0-++- /%: )!" &/#",)/-%( x $%& y5

6!/( !7'-)!"(/( -0 ()$)/-%$#/)7 (/F'+/07 )!" "3$+9$)/-% -0 n̂ ∧ E $%& n̂ ∧H :/3"%

/% "H9$)/-% ;<5D>5 O% 0$,) C7 ,-%(/&"#/%: )!" '-/%)( 9%/H9"+7 0-#  !/,! )!" '!$("

/( ()$)/-%$#7G )!" 9%/)$#7 3",)-#( n̂G tG $%& d C",-F" /%&"'"%&"%) -0 R $%& ,$% C"

"8'#"(("& /% )!" 0-#F 



n̂ =
k|qz |

q2qzD
(n̂i − n̂s)

t =
|qz |

qzD
(n̂i ∧ n̂s)

d =
|qz |

qzD
((n̂i.n̂s) n̂i − n̂s)

;<5L<>



 ! "#$%&' #( $)*+')#,  -

 !"# q2 = q2
x
+ q2

y
+ q2

z
= 2k2 (1− n̂i.n̂s)$ %&' D =

√
(n̂i.vs)

2
+ (n̂i.hs)

2
( )#!* +,-.!"*

"/  -!",

E
s
= −jk e

−jkRr

4πRr

n̂s ∧ {n̂ ∧E− ηn̂s ∧ (n̂ ∧H)}
∫
ejQds 01(234

56 7*!&8 "#, ,97%"!/&* 01(:4$ 01(214 %&' 01(234 "#, *;%"",-,' <,='  -!"",& !& *!.+=!<,'

>/-. %*

Es

pq
= kIE0Upq 01(2?4

 !"# I =
∫∫

exp (jqxx
′ + jqyy

′ + jqzz
′z (x′, y′)) dx′dy′$ %&' Upq %-, "#, +/=%-!@%"!/&

",-.*(

)#, <,=' Es
pq
;/--,*+/&' "/ *;%"",-,' <,=' 56 "#, *7->%;, >/- "#, *"%", /> +/=%-!@%"!/&

q 0hi /- vi4 %" "#, ,.!**!/& %&' p 0hs /- vs4 %" -,;,+"!/&( A>",- 01(2B4$ !" !* +/**!5=,

"/ ;%=;7=%", "#, *;%"",-!&8 ;/,C;!,&"* σs
pq
( D, #%E,

σs
pq
=
4πR2

r

A0

〈
Es

pq
Es∗

pq

〉

Ei
pq
Ei∗

pq

01(2F4

A=*/ "#, ;%=;7=%"!/& /> .%"#,.%"!;%= ,G+,;"%"!/&

〈
Es

pq
Es∗

pq

〉
+,-.!" 7* "/ ',",-.!&,

"#, ;/,C;!,&"* /> '!H7*!/& !& 5!*"%"!; ;%*,( )#,*, ;/,C;!,&"* %-, 8!E,& !& "#, >/-.

σs
pq
=
πk2q2

q4
z

|Upq|2 Pr (Zx, Zy) 01(2:4

 #,-, Pr !* "#, +-/5%5!=!"6 ',&*!"6 /> *=/+,* >/-  #!;# "#, +#%*, !* *"%"!/&%-6(

./01'0/22%3),4

)#, 5%;I*;%"",-!&8 /- ./&/*"%"!; ;%*, ;/--,*+/&'* "/ %& !&;!',&" %&8=, ,97%= "/ /5J

*,-E%"!/& %&8=, 0θi = θs4 %&' "#, %@!.7"# '!H,-,&;, 5," ,,& !&;!',&" %&' /5*,-E,' !*

π 0ϕs = ϕi + π4( )#, ;/,C;!,&"* /> +/=%-!@%"!/&* "#,& 5,;/.,





Uhh = 2Rh

Uhv = 0

Uvh = 0

Uvv = 2Rv

01(2K4

)#, ,97%"!/&* 01(2:4 %&' 01(2K4 +,-.!"* 7* "/ ','7;, "#, *;%"",-!&8 ./&/*"%"!;

;/,C;!,&"* %* {
σhh =

π

cos4 θ
|Rv|2 Pr (tan θ, 0) = σvv

σvh = σhv = 0
01(2L4

M& N!8( 1(1  , #%E, "-%;,' "#, 5%;I*;%"",-!&8 ;/,C;!,&"* !& E,-"!;%= σvv 0%4 %&'

#/-!@/&"%= σhh 054 +/=%-!@%"!/& %* % >7&;"!/& /> /5*,-E%"!/& %&8=, >/- "#-,, '!H,-,&"

-/78#&,** =,E,=* /> 8%7**!%& *7->%;,*(
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 !"#$%&'$()!* +$*!%&'!)&$(  ,"-.%)&/!* +$*!%&'!)&$(

0&12%. 3435 6$.7/&.()8 $9 ,!/:8/!)).%&(1 28&(1 ;<=>? 9$% )#%.. )@+.8 $9 1!288&!(

82%9!/.8 A&)# B&C.%.() %$21#(.88 *.-.*8

-#./0.$ '1022%.),3

D#. 9$%A!%B 8/!)).%&(1 B&C.%8 9%$E E$($8)!)&/ 8/!)).%&(1 &( !'&E2)# !(1*.F &( 9!/) A.

#!-.  ϕs = ϕi" !(B  θs = θi" A#&/# 1&-.8





Uhh = −2Rh cos θ

Uhv = 0

Uvh = 0

Uvv = 2Rv cos θ

 34GH"

!(B B.B2/. )#. /$.7/&.()8 $9 B&C28&$( !8





σhh = π |Rh|2 Pr (0, 0)
σvv = π |Rv|2 Pr (0, 0)
σvh = σhv = 0

 34GI"

 !"!" #$%&& '()*+),%*-./ 0(*1.2

D#. 8/!)).%&(1 $9 .*./)%$E!1(.)&/ A!-.8 9%$E ! 8*&1#)*@ %$21# 82%9!/. /!( ,. 8)2B&.B

28&(1 JKL4 M) &8 !882E. )#!) )#. 82%9!/. -!%&!)&$(8 !%. E2/# 8E!**.% )#!( )#. &(/&B.()

A!-.*.(1)# !(B )#. 8*$+.8 $9 )#. %$21# 82%9!/. !%. %.*!)&-.*@ 8E!**4 D#&8 E.)#$B

#!8 ,..( 8)2B&.B !(B !++*&.B .N).(8&-.*@ )$ +%$,*.E8 &( $+)&/8F %.E$). 8.(8&(1F !(B

+%$+!1!)&$( !(B @&.*B8 )#. O%!11 8/!)).% +#.($E.($( $9 %$21#=82%9!/. 8/!)).%&(1 A#.(

$(*@ P%8)=$%B.% ).%E8 !%. /$(8&B.%.B4



 ! "#$%&' #( $)*+')#,  -

 !" #$$%"#&'() #%( *(+(%#,,- .)(/ 0" /(%12( 0'( (3$%())1"+ 4"% )&#00(%(/ 5(,/6  '(

&,#))1&#, #$$%"#&' 1) +#7(/ #) 0'( 8#-,(1*'981&( 7(0'"/ :;<=6 >+ 0'1) 7(0'"/? 0'(

)&#00(%(/ 5(,/ 1) %($%()(+0(/ #) # ).$(%$")101"+ "4 ".0*"1+* !#2() #+/ #)).7(/ 0'#0 0'1)

%($%()(+0#01"+ 1) 2#,1/ #%@10%#%1,- &,")( 0" 0'( %".*' ).%4#&( A8#-,(1*' '-$"0'()1)B6  '(

5(,/ #7$,10./() #%( 0'(+ /(0(%71+(/ 4%"7 0'( @".+/#%- &"+/101"+) #+/ 0'( /12(%*(+&(

%(,#01"+)6  '( )(&"+/ 7(0'"/ 1) C30(+/(/ D".+/#%- E"+/101"+ ACDEB 7(0'"/? :F<?

FG=!'1&' .)() 0'( 0'( C301+&01"+  '("%(7 :;G? <<? FF= 0" )",2( 0'( ).%4#&( &.%%(+0)

"+ 0'( %".*' ).%4#&(6 '( )&#00(%(/ 5(,/) &#+ 0'(+ @( &#,&.,#0(/ 4%"7 0'( /1H%#&01"+

1+0(*%#, @- 7#I1+* .)( "4 0'( &#,&.,#0(/ ).%4#&( 5(,/)6

 '( %(,#01"+)'1$ @(0!((+ 0'( 8#-,(1*' 7(0'"/ #+/ (301+&01"+ 0'("%(7 ACDE7(0'"/B

4"% 0'( )",.01"+ "4 0'( $%"@,(7 "4 )&#00(%1+* 4%"7 # %".*' ).%4#&( #%( 1+2()01*#0(/ 1+

/(0#1,@-  "1*" :FJ=6 D"0' "4 0'( 4"%7) "4 $(%0.%@#01"+ 0'("%- ,(#/ 0" 1/(+01&#, %().,0)

:FK= 4"% 0'( )&#00(%(/ 5(,/ @(&#.)( 0'( (3$#+)1"+) "4 #7$,10./() "4 0'( )&#00(%(/ 5(,/)

#%( .+1L.( !10'1+ 0'(1% &1%&,( "4 &"+2(%*(+&(6 M( '#2( .)(/ 0'( )(&"+/ 7(0'"/ 0"

)0./- 0'( )&#00(%1+* (H(&0) @- NOP #+/ /(%12( 0'( %().,0) .$ 0" )(&"+/ "%/(%6

 '1) 4"%7.,#01"+ #,)" $(%710) .) 0'( (2#,.#01"+ "4 /($",#%1Q#01"+? !'1&' 1) # )(&"+/

"%/(% (H(&0 1+ 0'( $,#+( "4 1+&1/(+&(6  '( /($",#%1Q#01"+ "4 (,(&0%"7#*+(01& !#2() @-

),1*'0,- %".*' ).%4#&( .)1+* 81&(R) 0'("%- 1) 1+2()01*#0(/ @- S#,(+Q.(,# :TG=? !'(%( '(

1+4(%%(/ 0'#0 /($",#%1Q#01"+ 4%"7 ),1*'0,- %".*' ).%4#&( 1) /.( 0" 7.,01$,( )&#00(%1+*

@(&#.)( 0'( (3$%())1"+ 4"% 0'( /($",#%1Q(/ )&#00(%(/ $"!(% '( "@0#1+(/ 1) "4 0'( 4"%7

"@0#1+(/ 1+ 7.,01$,( )&#00(%1+* 1+2()01*#01"+)6

.&%/01#234,%0)/ 536% 7/300%1),4 89 3 :)%&%/01)/ ;#+4< 7+1(3/%

E"+)1/(% # $,#+( (,(&0%"7#*+(01& !#2( E
i

E
i
= êi exp (iki.r− ikizz) AU6;;B

1+&1/(+0 .$"+ # /1(,(&0%1& %".*' ).%4#&( S6 V(0 ε #+/ ε1 /(+"0( 0'( $(%71001210- "4

0'( .$$(% #+/ ,"!(% '#,4 )$#&( %()$(&012(,-6 >+ AU6;;B? kix = k sin θi cosϕi? kiy =

k sin θi sinϕi? #+/ kiz = k cos θi6 M( #,)" '#2( kiρ = k sin θi6  '( %".*' ).%4#&( 1)

&'#%#&0(%1Q(/ @- # %#+/"7 '(1*'0 4.+&01"+ z = f (x, y)? !'(%( f(x, y) 1) # %#+/"7

4.+&01"+ !10' Q(%" 7(#+ 〈f(x, y)〉 = 0 AW1*6U6<B6 W%"7 X.-*(+)R $%1+&1$,( #+/ 0'(

(301+&01"+ 0'("%(7 A;6<FB 4"% 0'( 5(,/ E(R) 1+ %(*1"+ 0 #+/ 0'( 0%#+)7100(/ 5(,/



 ! "#$%&' #( $)*+')#,  -

 !"#$% &'() *+%,-$./0"1%-!, 2,0--%$!1" 34 0 567 8!%+%,-$!, 2#$90,%'

E1(R) !1 -:% 8!%+%,-$!, /%8!#/; <% .3-0!1 =>?@

E
i
(R) +

∫
Sd

{iωµ0G (R,Rd) . [n̂×H (Rd)] +∇×G (R,Rd) . [n̂×E (Rd)]} dSd

=

{
E (R) z > f (r)

0, z < f (r)
A&'5&B

∫
Sd

{iωµ1G1 (R,Rd) . [n̂d ×H1 (Rd)] +∇×G1 (R,Rd) . [n̂d ×E1 (Rd)]} dSd

=

{
0 z > f (r)

E (R) , z < f (r)
A&'5(B

<:%$% Sd 8%1.-%2 -:% $.#": 2#$90,% !1 <:!,: -:% 2#$90,% !1-%"$0-!.1 !2 -. 3% ,0$$!%8

.#-; n̂ 018 n̂d 0$% -:% #1!- C%,-.$2 1.$/0+ -. -:% $.#": 2#$90,% 018 D.!1-!1" !1-. -:%

9$%% 2D0,% 018 -:% 8!%+%,-$!, /%8!#/; $%2D%,-!C%+4; 018 G 018 G1 0$% -:% $%2D%,-!C%

8408!, E$%%1F2 9#1,-!.12 9.$ 9$%% 2D0,% 018 -:% :./."%1%.#2 8!%+%,-$!, .9 $%"!.1 1'

G!1,% -01"%1-!0+ %+%,-$!, 018 /0"1%-!, H%+82 0$% ,.1-!1#.#2; 9.$ zd = f(xd, yd) <%

,01 8%H1% 2#$90,% H%+8 #1I1.<12 02 9.++.<2

dSdηn̂×H (Rd) = dRda (rd) = dSdηn̂×H1 (Rd) A&'5JB

dSdn̂×E (Rd) = drdb (rd) = dSdn̂×E1 (Rd) A&'5>B

K%L- <% /0I% #2% .9 -:% !1-%"$0+ $%D$%2%1-0-!.1 .9 8408!, E$%%1F2 9#1,-!.1'  .$ z <



 ! "#$%&' #( $)*+')#,  -

f (rd)  ! "#$! %&'( )*+

G (R,Rd) =
i

8π2

∫
dkeik.r−ikzze−ik.rd+ikzf(rd)

.
1

kz

[
ê (−kz) ê (−kz) + ĥ (−kz) ĥ (−kz)

]
,-./)0

∇×G (R,Rd) =
−1
8π2

∫
dkeik.r−ikzze−ik.rd+ikzf(rd)

.
K

kz

[
−ĥ (−kz) ê (−kz) + ê (−kz) ĥ (−kz)

]
,-./10

23 4"! 24"!5 "#36( 725 z > f (rd)  ! 284#93

G1 (R,Rd) =
i

8π2

∫
dkeik.r+ik1zze−ik.rd−ik1zf(rd)

.
1

k1z

[
ê1 (k1z) ê1 (k1z) + ĥ1 (k1z) ĥ1 (k1z)

]
,-./'0

 "!5! 



K1 = K
√
εrµr

k1z = K

√
εr − (sin θs)

2
,-.-*0

,:93;! µr = 1 725 :!# :<57#;! :2 K1 = K
√
εr0 . =2 

∇×G1 (R,Rd) =
−1
8π2

∫
dkeik.r+ik1zze−ik.rd−ik1zf(rd)

.
K1

k1z

[
−ĥ (k1z) ê1 (k1z) + ê1 (k1z) ĥ1 (k1z)

]
,-.->0

?<8:494<4! 4"!:! 9342 ,-./-0 #36 ,-./@0. A!4 fmin #36 fmax 8!( 5!:B!;49$!CD( 4"! E939F
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]
.a (rd) .

+

[
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ĥ
′

i
= − sinϕ′

i
x
′ + cosϕ′

i
y
′

 !"#C%

{
v
′

s
= cos θ′

s
cosϕ′

s
x
′ − cos θ′

s
sinϕ′

s
y − sin θ′

s
z

h
′

s
= − sinϕ′

s
x
′ − cosϕ′

s
y
′

 !"#D%

E-. /*01/ 42045.2, 12F/.( 012 7. 9+4,,.2 1(

{
cos θ′

i
= −n̂.n̂i = D0 {Zx sin θi cosϕ+ Zy sin θi sinϕ+ cos θi}

sin θ′
i
=

D1

D0

 !"##%

125 {
cosϕ′

i
=

D1

D0
n̂i.x

′

sinϕ′
i
=

D1

D0
n̂i.y

′

 !"&$$%



 ! "#$%&' #( $)*+')#, -.





cos θ′
s
= n̂.n̂s

sin θ′
s
=

√
1− (n̂.n̂s)

2
 !"#$#%

{
cosϕ′

s
=

n̂s.x
′

sin θ
′

s

sinϕ′
s
=

n̂s.y
′

sin θ
′

s

 !"#$&%

'() 2 × 1 *+,-.)/ ).),)01 2)*1+34 E
i
506 E

s
6)4*378) 1() -+.5379517+04 +: 1()

70*76)01 506 4*511)3)6 ).)*137* ;).64< 3)4-)*172).=" '() 70*76)01 >52) Ei
*50 8) >3711)0

54 ?@AB

E
i
= aE0 >71( E0 = |E0| exp {−jK (n̂i.r)}  !"#$!%

>()3) a 74 1() C071 -+.5379517+0 2)*1+3  2)317*5. -+.5379517+0 v +3 (+379+015. -+.5379517+0

h%< K 74 1() >52) 0C,8)3 +: 13504,711)6 >52)< 506 n̂i 74 1() C071 2)*1+3 70 1() 70*76)01

673)*17+0" D0 1() .+*5. 3):)3)0*) 1() 70*76)01 ;).6 *50 8) 3)>3711)0 54

E
i
= Ei

v′
v̂
′

i
+ Ei

h′
ĥ
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ĥ
′

s
.p
)
σs
h′h′v′h′

+
(
p.v̂′

s

) (
v̂
′

i
.q
) (

h
′

s
.p
) (

ĥ
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ĥ
′.q

)2
σ
(2)

v′sh
′ +

(
p.v̂′

s

)2 (
v̂
′.q

)2 (
σ
(1)

v′sv
′ + σ

(2)

v′sv
′

)

+
(
p.v̂′

s

)2 (
ĥ
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%$,&% &*1%".4

JA ,$=#&'(*1  !" C'. &*+ .",$*+ $'+"' /(. & (, .,&  "'(*1 ,$"-,("* . ?'$= 94EG6

K 94EEF <" ,&* .""  !&  !"'" &'" %&'1" *0=/"' $?  "'=. <!(,! &'" #'"."* (* 94EEF

+0"  $  !" (*,%0.($* $? .",$*+ $'+"' .,&  "'(*1 "L", /A MNO54 O$'"$B"'> (*  !"

/&,@.,&  "'(*1 ,&."  !" ,&%,0%& ($* $? σ1s
pq

?'$= 94EE9 (*B$%B". $*%A ,$8#$%&'()& ($*  "'=.

&*+ &%%  !" C'. $'+"' ,'$..8#$%&'()& ($* ,$"-,("* . &*+ ,'$.. ,$''"%& ($*. /",$=" )"'$4

P$<"B"'> (*  !" ,&%,0%& ($* $? σ2s
pq

> &%$*1 <( !  !" ,$8#$%&'()& ($* ,$"-,("* .  !" ,'$..8

#$%&'()& ($* ,$"-,("* . &*+ ,'$..8,$''"%& ($*  "'=. (* %$,&% +$=&(* &'" ,&%,0%& "+ /A

.",$*+ $'+"' ,$"-,("* .4 D* #'"B($0. .", ($*> /A +$(*1  !" ,$=#&'(.$*. /" <""*  !"

*0="'(,&% .(=0%& ($* /A MNOE &*+ MNO5 <" !&B" .""*  !& > ?$' ,"' &(* ,$*C10'& ($*.>

MNO5 1(B" "*!&*,"+ /(. & (, .,&  "'(*1 &*+  !" ,'$.. #$%&'()& ($* ". (=& ($* /A MNO5

(. *$*8)"'$4

P"*,">  !" &++( ($* $? .",$*+ $'+"'  "'=. (* QMO5 ,&* #'$+0," "*!&*,"+ /(. & (,

.,&  "'(*1 &*+  !" &,,0'& " +"#$%&'()& ($* #'"+(, ($*.4 P$<"B"'> $*  !" $ !"' !&*+

 !" (*,%0.($* $? .",$*+ $'+"'  "'=. =&@".  !" #'$/%"= ,$=#0 & ($*&%%A ,$=#%"R &*+
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 !" #$%#&%$ '() (* +$), ') "-.$%  ".+/  $0" %()-  '+"  ( 1.(2&#"  !" ."/&% /3 4" 5'%%

#!"#0  !" 6'/ $ '# /#$  ".')- ")!$)#"+") $)2 #.(// 1(%$.'7$ '() "/ '+$ '() 6, 89:;

') #!$1 ". 5 5!"."  !" )&+".'#$% ."/&% / 6, 89:; 5'%% 6" 1."/") "2 $)2 #(+1$."2

5' !  !" ."/&% / (* ( !".  "#!)'<&"/ $)2 "=1".'+") $% 2$ $ 1&6%'/!"2 ') %' ".$ &."3 4"

5'%% -'>"  !" $11%'#$ '() (* 89:; *(. /"$ $)2 6$." /('% /&.*$#"/ $)2 ">$%&$ "  !" )"5

+" !(2 *(. $ >$.'" , (* #()2' '()/?#()@-&.$ '()/3



 !"#$%& '

 !"#$%&' !( )*# +!,'* -,+(./#

 !" #$%&'$() (* "+",-.(/01)"-$, 203"' 45 -!" .(&1! '&.*0,"6 4"$)1 0''$/$+0-"# -( 0 #$7

"+",-.$, .0)#(/ .(&1! '&.*0,"6 ."8&$."' -!" 9)(2+"#1" (* "+",-.(/01)"-$, ,!0.0,-".$'-$,'

0)# -!" '-0-" (* .(&1! '&.*0,":  !"."*(." $- $' "''")-$0+ -( !03" 0 ."0+$'-$, #"',.$;-$() (*

-!" .(&1! '&.*0," $) (.#". -( "'-$/0-" -!" #$%&'"# "+",-.(/01)"-$, <"+#:  !" ;.$),$;0+

(4=",-$3" (* -!$' ,!0;-". $' -( "+04(.0-" -!" /(#"+$)1 0)# '-0-$'-$,0+ #"',.$;-$() (* -!"

'"0 0)# '($+ '&.*0,":

 !" #$%&'()*%+'$

 !" '"0 ,0) 4" ,()'$#"."# 0' 0 .0)#(/ ;!5'$,0+ '5'-"/ 2!('" "3(+&-$() $' 1(3".)"# 45

-!" 2$)# 0)# 1.03$-5> /(." -!" 2$)# $' '-.()1 0)# 4+(2' *(. +()1 -$/"6 /(." 01$-0-"#

$' -!" '"0:  !" 203"' 0- "0,! ;($)- (* 0 '&.*0," ."'&+- *.(/ 0 '&//0-$() (* 203"'

+(,0++5 1")".0-"# 45 -!" 2$)# 0)# 203"' ,(/$)1 *.(/ (-!". #$.",-$()' 0)# ."1$()':

 !"'" $)-".0,-$()' /09" -!" ;!")(/")() 3".5 #$?,&+- -( 8&0)-$*5:  !" '"0 '&.*0,"

-!&' ;."'")-' 0 ,!0(-$, '-0-" 0)# $-' #"-"./$)$'-$, /(#"+$)1 $' ")(&1! #$?,&+-6 -!0-@'

2!5 0 ;.(404$+$'-$, A'-0-$'-$,0+B 0;;.(0,! 2$++ 4" ,()'$#"."#:

 !" '($+ '&.*0," $' 0+'( ,(/;+"C -( '-&#5 #&" -( -!" /&+-$-&#" (* $-' ;!5'$,0+6

,!"/$,0+6 0)# 4$(+(1$,0+ ,!0.0,-".$'-$,': D($+ $' ."+0-$3" ,(/4$)0-$() (* '0)#6 '$+-6 0)#

,+05:  !" ;0.-$,+"' /09" &; 04(&- EF ;".,")- (* -!" '($+@' 3(+&/": G(."' ,()-0$)$)1

0$. 0)#H(. 20-". (,,&;5 -!" ."/0$)$)1 3(+&/" IJKL:

 ( '-&#5 -!" ',0--".$)1 (* "+",-.(/01)"-$, 203"' 45 -!" '"0 0)# '($+ '&.*0," $- $'

)","''0.5 -( ,()'$#". -!" 1"(/"-.$,0+ /(#"+$)1 0)# ;!5'$,0+ ,!0.0,-".$'-$,' (* -!"'"

'&.*0,"': M) -!$' ,!0;-".6 2" '-0.- 45 #"<)$)1 0)# 0)0+5N$)1 -!" "+",-.(/01)"-$, ,!0.7

0,-".$'-$,' A;"./$--$3$-5 0)# ;"./"04$+$-5B (* '"0 0)# '($+ '&.*0,":  !") -!" 1"(/"-.$,0+

.";."'")-0-$() (* -!"'" '&.*0,"' 2$++ 4" 1$3"):

OP
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 !"!" #$%&'()* ($)+)(,-+'&,'(&

 !"#$#%&'"% (#!")( "* +#,#'-$$. !#*%'"/#! /. "&* '#$-&"0# #$#%&'"% 1#'("&&"0"&. εr

-,! "&* '#$-&"0# (-+,#&"% 1#'(#-/"$"&. µr 23456

"0)(%+'1 4%-5%06'&'+7

7"#$#%&'"% *)'8-%# %-, 9-0# -, ",:)#,%# ;, &9# #$#%&';(-+,#&"% <-0# /. &9# (#-,* ;8

"&* (-+,#&"% 1#'(#-/"$"&. µ6 =;<#0#'> ", ;)' *&)!.> &9# *#- <-&#' <"$$ /# *)11;*#!

&; /# - ,;,(-+,#&"% (#!")( ?µr = 1@6 A9)*> ;,$. "&* '#$-&"0# #$#%&'"% 1#'("&&"0"&. εr

<"$$ /# &-B#, ",&; -%%;),&6

C, %-*# ;8 *;"$ *)'8-%#> -+-", <# -11';D"(-&# &9# (-+,#&"% 1#'(#-/"$"&. &; 1 &;

1'#*#,& &9# E!"-(-+,#&"% ?- '#$-&"0# 1#'(#-/"$"&. "* *$"+9&$. $#** &9-, F@E -,! E1-'-G

(-+,#&"% ?- '#$-&"0# 1#'(#-/"$"&. "* *$"+9&$. +'#-&#' &9-, F@E &.1# ;8 *)'8-%#*6 A9#

E8#'';(-+,#&"%E &.1# *)'8-%#* <"$$ ,;& /# %;,*"!#'#! ", &9"* &9#*"*6

8&%1+-'1 4%-5'++'9'+7 *#- /%0 /.-*01%

A9# '#$-&"0# !"#$#%&'"% %;,*&-,& εr "* !#H,#! -* &9# '-&"; ;8 &9# !"#$#%&'"% %;,*&-,& ;8

&9# *)'8-%# ε /. &9# 1#'("&&"0"&. ;8 - 0-%))( ε06 I;' *#- *)'8-%#> "& !#1#,!* ;, &9#

8'#J)#,%. ;8 &9# <-0# f = ω/2π> &#(1#'-&)'# T -,! *-$","&. S ;8 *#- <-&#' <9;*#

-0#'-+# "* -/;)& S = 35 %0(35g/l) 23K56

C, $"&#'-&)'#> &<; (;!#$* -'# %;((;,$. )*#! &; !#H,# &9# 1#'("&&"0"&. ;8 <-&#'L

&9# (;!#$ ;8 7#/.# 23M5 -,! &9# (;!#$ ;8 N;$#GN;$# 23O> 3356

"#$%& #* :%67%  %%;'!",+ &; 7#/.# &9# 0-$)# ;8 εr ;8 - +"0#, (#!")( !#1#,!*

;, &9# 0-$)# ;8 &9# 8'#J)#,%. ;8 &9# "(1;*#! (-+,#&"% H#$! -* <#$$ -* &9# 19.*"%-$

*&-&# ;8 &9# (#!")(6 C& (-. &-B# ",&; -%%;),& &9# (-%';*%;1"% 0-'"-/$#* *)%9 -* &9#

&#(1#'-&)'# -,! &9# 1'#**)'# ", &#'(* ;8 (;$#%)$-' 1';1#'&"#* 23K> 3M> 3P56 Q,# %-,

&9#'#8;'#> #D1#%& &9-& εr %-, -$*; /# #D1'#**#! ", &#'( ;8 &9#*# (;$#%)$-' 1';1#'&"#*6

A9# !"*&'"/)&";, ;8 #$#%&'"% %9-'+#* ", - (;$#%)$# (-. +"0# &9# 1';1#'&"#* ;8 - !"1;$# ?;'

()$&"1;$# 8;' %;(1$#D (;$#%)$#*@ -,! &9# "(1;*#! #$#%&';(-+,#&"% H#$! %-, -%& ;, &9#

!"1;$#* ;8 &9# (;$#%)$# ", - %$-**"%-$ (-,,#' -%%;'!",+ &; &9# &9#;'. ;8 &9# %;,&",);)*

(#!")(6 R. )*",+ *)%9 '#-*;,",+ 7#/.# 23M5 *9;<#! &9-& "8 ;,# (;!#$* - 1;$-' $"J)"!

/. *19#'"%-$ ;*%"$$-&",+ !"1;$#* ", - %;,&",);)* 0"*%;)* (#!")(> &9#, &9# !#1#,!-,%#

;8 ε <"&9 &9# 8'#J)#,%. ;8 #$#%&';(-+,#&"% H#$! "* +"0#, /. 23M5

εr = ε∞ +
εs − ε∞
1 + jωτ

?46F@
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 ! "#$% &' $#()%* +#)%, +% -#.%/

εr = ε∞ +
εs − ε∞
1 + jωτ

− j σ

ωε0
01234

+5)- ε0 = 8.854 × 10−12fm−1 5$ )-% 6%,75))5.5)8 &' )-% ',%% $6#"%9 ε∞ = 4.9 5$ )-%

%(%"),5" 6%,75))5.5)8 '&, .%,8 -5:- ',%;<%!"89 ω = 2πf 9 f 5$ )-% ',%;<%!"8 05! =>24 &'

%(%"),&7#:!%)5" +#.%9 εs #!* σ #,% )-% $)#)5" 6%,75))5.5)8 #!* )-% 5&!5" "&!*<")5.5)8

&' $%# +#)%,9 ,%$6%")5.%(82 ?-% 7#)-%7#)5"#( '&,7<(#)5&! &' )-% '<!")5&!$ εs, σ#!* τ

5$ 6,%$%!)%* 5! @66%!*5A B2

3%,04'#- #* 0 $'0&%1+'1 1#(/+0(+ 0/ 0 *.(1+'#( #* *-%5.%(16 C5:<,% 12D

,%6,%$%!) )-% .#,5#)5&! &' )-% ,%#( 6#,) &' )-% 6%,75))5.5)8 &' $%# +#)%, εr #$ # '<!")5&!

&' ',%;<%!"89 '&, *5E%,%!) .#(<%$ &' )%76%,#)<,% #!* $#(5!5)82 ?-5$ 6#,) "#! F% F,%#G
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C5:<,% 12D/ H.&(<)5&! &' )-% ,%#( 6#,) &' )-% 6%,75))5.5)8 &' $%# +#)%, #$ # '<!")5&! &'

',%;<%!"8

<6 5!)& )-,%% *&7#5!$ #""&,*5!: )& )-% ',%;<%!"82

I @! #66,&A57#)%(8 "&!$)#!) 6#,) "&,,%$6&!*$ )& )-% >&!% &' )-% (&+ ',%;<%!"5%$2

 ! )-5$ 6#,) εr 5$ #66,&A57#)%(8 %;<#( )& $)#)5" 6%,75))5.5)8 εs2

I @ >&!% &' #F,<6) ),#!$5)5&! "&,,%$6&!* )& )-% "<)I&E ',%;<%!"8 ',&7 )-% ,%#( 6#,)

&' )-% 6%,75))5.5)8 0fc =
1

2π
√

3tr
4

I C5!#((8 # -5:- ',%;<%!"8 >&!%9 "&,,%$6&!* #66,&A57#)%(8 )& )-% (575)5!: .#(<% &'

6%,75))5.5)8 0εir42
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 !"#$ %&'" (&))"))") * +,-"#"'. /"0*!,&# *11&#+,'2 .& .0" ."3("#*.4#"5 604)7 ,'

.0" 8#). (*#.7 .0" "-"1. &9 ."3("#*.4#" ,) 3*#:"+ /$ * .#*');*.,&' &9 14#!") .&<*#+) .0"

=>*=,)5 60,) /"0*!,&# "=(;*,') /$ .0" (#"+&3,'*'1" &9 .0" ."#3 &9 ).*.,1 ("#3,..,!,.$5

?' .0" )"1&'+ (*#.7 .0" !*;4" &9 .0" 14. &9 9#"@4"'1$ 3&!") .&<*#+) .0" 0,20 9#"@4"'1,")

<0"' .0" ."3("#*.4#" ,'1#"*)")5 ?' .0" ;*). %&'"7 .0" ,'A4"'1" &9 .0" ."3("#*.4#"

#"3*,') '"2;,2,/;"5

B"=. C,25 D5E #"(#")"'. .0" !*#,*.,&' &9 .0" ,3*2,'*#$ (*#. &9 .0" ("#3,..,!,.$ &9

)"* <*."# εr *) * 94'1.,&' &9 9#"@4"'1$7 9&# +,-"#"'. !*;4") &9 ."3("#*.4#" *'+ )*;,',.$5
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 !"#$% &'() *+,-#.!,/ ,0 .1% !23"!/3$4 53$. ,0 .1% 5%$2!..!+!.4 ,0 6%3 73.%$ 36 3

0#/8.!,/ ,0 0$%9#%/84

:1% !23"!/3$4 53$. ,0 .1% 5%$2!..!+!.4 5$%6%/.6 .1$%% ;!<%$%/. =%13+!,$6 388,$;!/"

., .1% 0$%9#%/84)

> ? 036. $%;#8.!,/ 0,$ -,7 0$%9#%/8!%6' @/ .1!6 836%A 3/ !/8$%36% !/ .%25%$3.#$%

83#6%6 3 .$3/6-3.!,/ ,0 .1% 8#$+%6 .,73$;6 .1% 1!"1%$ +3-#%6'

> ? .$3/6!.!,/ B,/% 7!.1 3 $%-3.!+% 23C!2#2 ,0 71!81 .1% =%13+!,$ !6 !/+%$6%-4

5$,5,$.!,/3- ., .1% .%25%$3.#$% D?6 .%25%$3.#$% ;%8$%36%6 .1% 23C!2#2 1%!"1. !/>

8$%36%6E'

> ? ;%8$%36% !/ .1% !23"!/3$4 53$. 0,$ !25,$.3/. 0$%9#%/8!%6 136 3 6!2!-3$ =%13+!,$

7!.1 $%65%8. ., .%25%$3.#$% 3/; !6 !;%/.!83- ., .1% F$6. 53$.'

:1% ;!%-%8.$!8 6#$038% 83/ %9#3--4 13+% 3/ !/G#%/8% ,/ .1% %-%8.$,23"/%.!8 73+%

=%83#6% ,0 1!6 23"/%.!8 5%$2%3=!-!.4 µ' H%+%$.1%-%66A !/ ,#$ 6.#;4A 6%3 73.%$ 7!-- =%
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 !""# $% &# '$ ( )#) *(+)$&,- $).,/#)*$)& 0µ = 112 34! 5 (6#)$ 4, /$6(&,.$ $6$-&/,-

"$/*,&&,.,&7 εr 8,66 '$ &(9$) ,)&# (--#!)&2

"#$%& #* 4#&%54#&% 34$ *#%$6 #: ;#6$<;#6$ , () $*",/,-(6 *#%$6 &4(& /$ !6& 

:/#* &4$ *#%$6 #: =$'7$ >?@5 ??A2 B#/ &4, *#%$6 8$ (%%$% () $*",/,-(6 -#) &()& α5

&4! &4$ *#%$6 '$-(*$

εr = ε∞ +
εs − ε∞

1 + (jωτ)1−α
0C2D1

84$/$ 0 ≤ α ≤ 12 E& .(6!$ , F2FG $ &,*(&$% '7 H6$,) ()% I8,:& >?JA2

34, :!)-&,#) , 9)#8) ( &4$ K%, &/,'!&,#) #: ;#6$<;#6$K , .(6,% :#/ :/$ 48(&$/2

E) -( $ #:  (6&$% 8(&$/ 8$ 4(.$L

εr = ε∞ +
εs − ε∞

1 + (jωτ)1−α
− j σ

ωε0
0C2C1

34$ /$"/$ $)&(&,#) #: &4, *#%$6  4#8 &4(& &4$/$ , )#& (  ,+),M-()& %,N$/$)-$

8,&4 &4$ *#%$6 #: =$'7$2 34$ *#%$6 #: =$'7$ , "/(-&,-(667 &4$ #)67 #)$ &4(& , '( $%

#) -6$(/67  &(&$% 47"#&4$ , ()% 84,-4 /$O$-& ( /,+#/#! %$"$)%$)-$ '$&8$$) ε, ω ()%

"47 ,-(6 "(/(*$&$/ %$"$)%,)+ #) &4$ -#) ,%$/$% *$%,!*2 E) #!/ -(6-!6(&,#) 8$ ! $

&4$ %,$6$-&/,- -#) &()& +,.$) '7 *#%$6 #: =$'7$2

6&%1+-'1 7%-8'++'9'+: *#- /#'& /.-*01%

34$  #,6 4( ( -#*"# ,&,#) *#/$ -#*"6$P &4() &4$  $( ()% :#/ &4, /$( #) 8$ ! $  $*,<

$*",/,-(6 *#%$6 :#/ &4$ $6$-&/,- "$/*,&&,.,&7 #:  #,6  !/:(-$2 34$ *#%$6 #: 3#"" ()%

=#' #)<Q$"6,) 975 8,%$67 ! $% ,) &4$ 6,&$/(&!/$ (/$ "/$ $)&$% ,) &4, "(/(+/("42

;#77</ 8#$%& R--#/%,)+ &# 3#"" $& (62 >SFA5 &4$ 4!*,%,&7 -() '$ %,/$-&67 %$&$/<

*,)$% :/#* &4$ %,$6$-&/,- "$/*,&&,.,&72 34$ $ &8# "(/(*$&$/ (/$ 6,)9$% '7 $*",/,-(6

"#67)#*,(6 :!)-&,#) 5 %$&$/*,)$% &4/#!+4 ( /$+/$  ,#) #: #/%$/ D2

ε′′ = 3.03 + 9.3mv + 146m2

v
− 76.3m”

v
0C2J1

mv = −5.3× 10
−2

+ 2.92× 10
−2ε′ − 5.5× 10

−4ε′2 + 4.3× 10
−6ε′3

84$/$ εr = ε′ + jε′′2

34, *#%$6 4( &4$ (%.()&(+$ #: '$,)+ ,)%$"$)%$)& #: &4$ :/$T!$)-7 #: #' $/.(&,#)5

 #,6 &$P&!/$5 &$*"$/(&!/$ ()% ,&  (6,),&72 U#8$.$/5 ,& , #)67 .(6,% :#/ &4$ :/$T!$)-7

'()% >GF VUW < X YUWA ()% %# )#& -#) ,%$/ &4$ ,*(+,)(/7 "(/& #: %,$6$-&/,- -#) &()&2
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4#5/#(67%8&'(/9: ;#$%&  !" #$"%"&'($& )"(*$''$+$', *-#"% *-.' &-**-/%, 0."#

$/ '!" %$'"(1'0(" 2-( .-$% .0(21&" 31. #"+"%-)"# 4, 5-4.-/ "' 1%6 789: 6 ;' $. #"</"# -/

'!" 2("=0"/&, (1/>" 796? @AB C 9D @AB: 1/# *-(" $*)-('1/' '!1/ '!" *-#"% -2  -)) 1.

$' #")"/#. -/ '!" +-%0*"'($& *-$.'0(" &-/'"/'E '!" .$B" -2 .-$% )1('$&%".E '!" #$F"("/'

&-*)-/"/'. -2 .-$%E '!" #$"%"&'($& &-/.'1/' -2 31'"( 1/# 2("=0"/&,6

 !$. ."*$C"*)$($&1% *-#"% 41."# -/ '!" 2-(*0%1 -2 *0%'$C)!1." *$G'0(" &-/'1$/C

$/> (1/#-*%, -($"/'"# $/&%0.$-/. 78H: 1/# "G)"($*"/'1% *"1.0("*"/'.6  !" #$"%"&'($&

)"(*$''$+$', $. #"</"# 1.I

ε′ =

[
1 +

ρb
ρs
(εα

s
− 1) +mβ

′

v
ε′α
fω
−mv

] 1

α

J?6KL

ε′′ =

[
mβ

′′

v
ε′′α
fω

] 1

α
J?6ML

3!"(" ρb $. '!" #"/.$', -2 >(-0/#C1$( *$G'0("E ρs ≈ 2.66g/cm3
$. '!" #"/.$', -2 .-$%

)1('$&%".E εs ≈ 4.7 $. '!" )"(*$''$+$', -2 '!" .-$% )1('$&%".E α ≈ 0.65 $. 1/ "*)$($&1%

&-/.'1/' 2-(* 21&'-( 1/# β′ 1/# β′′ 1(" '3- &-"N&$"/'. #")"/#"/' -/ .-$% '"G'0("

#"</"# 4,I

β′ = 1.2748− 0.519S − 0.152A J?6DL

β′′ = 1.33797− 0.603S − 0.1666A J?68L

3!"(" S 1/# A (")("."/' (".)"&'$+"%, '!" (1'". -2 .1/# 1/# &%1, &-/'"/'6

 !" 2("=0"/&, #")"/#"/&" -&&0(. $/ '!" )"(*$''$+$', -2 2("" 31'"(E &1%&0%1'"# $/

0.$/> '!" 5"4," "=01'$-/6

O-( '!" 2("=0"/&, (1/>" 7P6Q @AB C 96Q @AB:E '!$. *-#"% 0/#"(".'$*1'". '!" ("1%

)1(' -2 '!" #$"%"&'($& )"(*$''$+$',6 R")%$/.S, 78Q: "G'"/#"# '!" +1%$#$', -2 '!" 5-4.-/

*-#"% '- '!$. 2("=0"/&, #-*1$/ 4, '!" 2-%%-3$/> &-(("&'$-/I

ε′ = 1.15ε′ − 0.68 J?69PL

 !"!# $%&'%()*+,- +.,),+(%)*/(*+/

;/ '!$. ."&'$-/ 3" .'0#, '!" >"-*"'($&1% &!1(1&'"($.'$&. -2 ."1 1/# .-$% .0(21&" 4, 0.$/>

'!"$( .%-)" #$.'($40'$-/. 1/# (-0>! .0(21&" .)"&'(0*.6

4'/+-'5.+'#( #* +,% /&#8%/

;/ '!$. )1(1>(1)! '3- %13. -2 #$.'($40'$-/ -2 '!" .%-)". 1(" )("."/'"#I @10..$1/ #$.'($C

40'$-/ 1/# T-G U V0/S #$.'($40'$-/6 W" 0." '!" @10..$1/ #$.'($40'$-/ 2-( .-$% .0(21&"

1/# T-G U V0/S .%-)" #$.'($40'$-/ 2-( ."1 .0(21&"6
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40.//'0( $'/+-'5.+'#(  !" #$%&&'$( )'&*+',%*'-( '& )".(") ,/ *0- 1$+$2"*"+&

σ2
u
$() σ2

c
0!'3! $+" *!" 4$+'$(3"& -5 *!" &6-1"& -5 *!" &%+5$3" -5 3$1'66$+'*/ 0$4"&7

+"&1"3*'4"6/ '( *!" )'+"3*'-( -5 0'() $() *!" *+$(&4"+&" )'+"3*'-( -5 0'()8  !"&" *0-

1$+$2"*"+& 0"+" "&*$,6'&!") ,/ 9-: ; <%(= >?@A 5+-2 *!" 1!-*-B+$1!'3 2"$&%+"& -5

&%( B6'**"+ -( *!" &"$8  !%& $( $($6/*'3$6 ":1+"&&'-( C@8DDE 0$& 1+-1-&")7 '* '& B'4"(

,/

Pr(Zx, Zy) =
1

2πσuσc
e
−

1

2

(
Z2
x

σ2
u
+

Z2
y

σ2
c

)

C@8DDE

0'*!

σ2
u

= 0.005 + 0.78 10−3U12.5 C@8DFE

σ2
c

= 0.003 + 0.84 10−3U12.5

U12.5(m/s) '& *!" 0'() &1"") $* $6*'*%)" 12.5 2"*"+&8

G" (-*" *!$* *!'& )'&*+',%*'-( '& &/22"*+'3 $,-%* 2"$( 4$6%"8H-+ &"$ &%+5$3" *!'&

)-"& (-* 3-++"&1-() *- *!" +"$6 1!"(-2"(-( 0!"+" -(" 2%&* !$4" $( $&/22"*+/ 5-+

*!" )'+"3*'-( 5$3'(B *!" 0'()8  !" 1!"(-2"(-( 0$& 3-(&')"+") '( *!" 0-+=& -5 9-: ;

<%(= >?@7 ?IA8

6'/+-'5.+'#( #* 7#8 9 ".(: 9-: ; <%(= 1+-1-&") $ 2-+" 3-216": 2-)"6 *-

*+$(&6$*" *!" $&/22"*+/ -5 *!" &6-1"&8  !" 1+-1-&") )'&*+',%*'-( '& B'4"( ,/ >?IA J

Pr(Zx, Zy) =
F (Zx, Zy)

2πσuσc
e
−

1

2

(
Z2
x

σ2
u
+

Z2
y

σ2
cu

)

C@8DKE

0'*!

F (Zx, Zy) = 1− C21

2

[
Z2
y

σ2
c
− 1

]
Zx

σu
− C03

6

[
Z3
x

σ3
u
− 3

Zx

σu

]
+ ...

...+
C40

24


 Z4

y

σ4
c
− 6

Z2
y

σ2
c

+ 3


+ C22

4

[
Z2
y

σ2
c
− 1

] [
Z2
x

σ2
u
− 1

]
+
C04

24


 Z4

x

σ4
u
− 6

Z2
x

σ2
u

+ 3




C@8D@E

C21, C03, C40, C22 $() C04 $+" *!" 3-"L3'"(*& )"1"()"(* %1-( *!" 0'() &1"") U12.5

B'4"( *- $( $6*'*%)" -5 DF7I2

C21 = 0.01− 0.0086.U12.5; C03 = 0.04− 0.033.U12.5

C40 = 0.4; C22 = 0.12; C04 = 0.23

Zx '& *!" &6-1" '( *!" 0'() )'+"3*'-( $() Zy '& *!" &6-1" '( *!" 3+-&&0'() )'+"3*'-(8

 - ')"(*'5/ *!" )'M"+"(* 1$+$2"*"+& .B%+") '( *!" $($6/*'3$6 "N%$*'-( CK8FOE7 9-: ;

<%(= *--= -1*'3$6 2"$&%+"2"(*& -( *0- */1"& -5 &%+5$3"&
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 !!" ≡ #!$%&' !() "*+($#, *-.)%/(+ 01*2 2()341(3 */ ) &*5(1(+ 3() *0 )/ *%$ 6$2

.* ($%2%/).( .7( (8(&.3 *0 &)9%$$)1: ;)5(3,

σ2
u

= 0.005 + 0.78 10−3U12.5 <=>?@A

σ2
c

= 0.003 + 0.84 10−3U12.5

 B!" ≡ #B$()/ !() "*+($#, *-.)%/(+ )&&*1+%/C .* ) #&$()/# 3() D

σ2
u

= 3.16× 10
−3

12.5 <=>?EA

σ2
c

= 0.003 + 1.92× 10
−3U12.5

!4&7 ) +%3.1%-4.%*/ )99()13 2*1( 91*-)-$( *;%/C .* .7( 0)&. .7). %. 7%C7$%C7.3 .7(

)3:22(.1: *0 .7( 3$*9(3 )3 &*29)1(+ .* .7( +%1(&.%*/ *0 .7( ;%/+D .7( 3$*9(3 %/ .7(

+%1(&.%*/ F-)&' ;%/+G )1( */ )5(1)C( 3.1*/C(1 .7)/ %/ .7( +%1(&.%*/ F49;%/+ #> H

&*29)1%3*/ *0 C)433%)/ +%3.1%-4.%*/ )/+ &*I J 24/' %3 C%5(/ %/ .7( 0*$$*;%/C 6C41(

<K%C> =>LA 0*1 49;%/+ )/+ &1*33;%/+ +%1(&.%*/>

−40 −30 −20 −10 0 10 20 30 40
0

0.5
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3
x 10

−3

atan(Z
x
)

P
(Z

x
,0

)

cox and munk

gaussian
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0

0.5
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1.5
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2.5

3
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−3

atan(Z
y
)

P
(0

,Z
y
)

cox and munk

gaussian

<)A49;%/+ <-A&1*33;%/+

K%C41( =>LD !$*9( +%3.1%-4.%*/ 1(91(3(/.).%*/<;%/+ 39((+ M?N>@O?@2P3A

4.-*01% /5%1+-.6 6#$%&/

H2*/C 3.).%3.%&)$ +(3&1%9.%*/3 *0 ;)5(3, 39(&.1)$ 0*124$).%*/ %3 C(/(1)$$: 91%5%$(C(+

01*2 .7( ()1$: ;*1' *0 Q7%$$%93 R?S@TU> V7(1( %3 ) ;()$.7 *0 .7(*1(.%&)$ )/+ (29%1%&)$

3.4+%(3 +(.)%$%/C &)/+%+).( (W4%$%-1%42 ;%/+ ;)5( 39(&.1) %/ .7( $%.(1).41( R(>C>, V*-),

?XYLZ [)33($2)//(. )$>, ?SYLZ "%.34:)34 )/+ [*/+), ?SY=Z \)72), ?ST?Z ]*/($)/ (.

)$>, ?ST@U> Q1(3(/.$: %. %3 ;($$^)&&(9.(+ .7). .7( $*/C^;)5( 39(&.142 1(34$.%/C 01*2 .7(
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 !"#$ %!&$' ()* +*,) -&!.)/$ 0123 4 5%(+6-07*88)9:*## )$ *9;< =1>?3@ &)*8!#*A9B

&)C&)8)#$8 D)$/'E9":"$)F G"#F G*,) F),)9!C:)#$; H') 8C)/$&I: !D 6C)9 "8 * 8B#$')8"8

$') G!&J /*&&")F !I$ "# $') B)*&8 =1KLE=11L; *#F :!&) &)/)#$9B M9D!I'*"9B 01>3 '*8

C&!C!8)F * 8C)/$&I: AB "#/9IF"#N C'B8"/*9 /&"$)&"*; H'"8 9*8$ :!F)9 G"99 A) *F!C$)F "#

$') 8$IFB !D $') 8/*$$)&"#N C')#!:)#!# AB $') 8)* 8I&D*/) *#F )OC!#)#$"*9 8C)/$&I:

G"99 A) I8)F D!& 8!"9 8I&D*/); 6#*9B8"8 !D $') A)'*,"!& !D $')8) 8C)/$&*9 :!F)98 "8

*CC&!*/')F "# $') D!99!G"#N C*&*N&*C';

40.//'0( /5%1+-.6 H'"8 :!F)9 "8 N)#)&*99B I8)F "# 9"$)&*$I&) $! /'*&*/$)&"P) *

&*#F!: 8I&D*/) "$ C&!A*A"9"$B F)#8"$B DI#/$"!# /*# A) G&"$$)# *8

P (z) =
1

h
√
2π
e
−z2

2h2
4Q;=>@

G')&) h "8 $') ,*&"*#/) !D ')"N'$; H') *I$!/!&&)9*$"!# DI#/$"!# !D R*I88"*# 8C)/$&I:

/*# A) G&"$$)# *8 0>13 S

ρ (R) = e
−R2

l2
4Q;=K@

G')&) l "8 $') /!&&)9*$"!# 9)#N$'; H') 8C)/$&I: "8 !A$*"#)F AB $*J"#N $') T!I&")&

$&*#8D!&: !D ρ (R)< "$8 )OC&)88"!# "8 N",)# AB

S(K) =
l2

2
e
−l2

4
K

2

4Q;=1@

H'"8 )OC&)88"!# /*# A) )O$)#F)F $! A"F":)#8"!#*9 /*8); U$ "8 8IV/")#$ $! &)C9*/) K AB

"$8 /!:C!#)#$8 G'"/' N",)8

S(Kx,Ky) =
l2h2

2
e
−l2

4
(K2

x+K
2
y)

4Q;WL@

H') R*I88"*# :!F)9 F)8/&"A)8 * &*#F!: /!#XNI&*$"!# !D F"YI8)F 8I&D*/);H! F)X#)

"$ "$8 8IV/")#$ $! C&)/"8) $') ,*&"*#/) *#F /!&&)9*$"!# 9)#N$'; 7!G),)& $')8) C*&*:)$)&8

*&) "#8IV/")#$ $! F)8/&"A) $') &)*9"$B !D :*&"#) 8I&D*/)8 G'"/' F)C)#F8 C&":*&"9B !#

$') D!&/) *#F $') F"&)/$"!# !# $') G"#F< D&!: G')&) #))F D!& $') :!&) &)*9"8$"/ :!F)98;

7&*#.,0'&8 /5%1+-.6 H') M9D!I'*"9B 8C)/$&I: 01>3 )8$*A9"8')8 "# =11> "8 *

8B#$')8"8 !D $') G'!9) G!&J !# $') !/)*# A)'*,"!& /*&&")F !I$ 8"#/) =1>L ; 7) )9*A!&*$)F

AB $*J"#N "# $! *//!I#$ $') )OC)&":)#$*9 *#F $')!&)$"/*9 D*/$8 G'"/' -")&8!# '*F #!$

/!#8"F)&)F< 9"J) D!& )O*:C9) $') 89!C) :!F)9 !D Z!O *#F [I#J 01\3< :!&)!,)& $') D)$/'

"8 *98! "#/9IF)F; H') A"F"&)/$"!#*9 *#*9B$"/ )OC&)88"!# "8 F)X#)F *8 * C&!FI/$ !D $')

"8!$&!C"/ C*&$ S (K) G"$' *# *#NI9*& F"8$&"AI$"!# DI#/$"!# f (K,ϕ)

S (K,ϕ) = S (K) f (K,ϕ)
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 !" #$%&'%(#) (*'& #$ "+('"$$", #- &.% &"'/$0 %-" ,"("-,$ %- &!" )*(#11*'2 .*3"$ *-,

&!" %&!"' %- 4'*3#&2 .*3"$5  !"#' *-*12&#) "+('"$$#%-$ *'" 4#3"- 62

S (K) = K−3
[BL(K) +BH(K))] 7859:;

.!"'" BL *-, BH '"('"$"-&$ &!" )%-&'#6<&#%- %= 1%. *-, !#4! ='"><"-)25

BL(K) = αpFpc(Kp)/2c(K) 78599;

 !" (*'*/"&"'$ #- 859: ,"("-,$ %- U10, &!" .#-, $("", *& *1&#&<," 10m ='%/ &!" $"*

$<'=*)" *-, Ω ≈ c(Kp)/2c(K) #$ &!" #-3"'$" *4" %= .*3" .!"'" c(K) #$ &!" (!*$" $("",

*-, Kp #$ &!" .*3" -</6"' =%' &!" /*+#/</ 3*1<" %= $(")&'</5

αp = 0.006Ω
1

2 Kp = gΩ2/U2

10 c (K) =
[
g
(
1 +K2/K2

m

)
/K

] 1

2
7859?;

.#&! g = 9.81m/s2.

Ω = 0.84tanh
[
(X/X0)

0.4

]
−0.75

.#&! X0 = 2.2× 10
4

78598;

.!"'" X #$ &!" ="&)! %= .#-, "+('"$$", #- /5 @%' * ,"3"1%(", $"* &!" 3*1<" %= ="&)! #$

'"1*&#3"12 1*'4"5 A#&! Km = 370m−10 &!" =<-)&#%- Fp #- 8599 #$ 4#3"- 62

Fp = γΓ exp
[
−5 (Kp/K)

2 /4
]
exp

{
−Ω

[
(K/Kp)

1

2 − 1

]
/
√
10

}
7859B;

.!"'"

γ = 1.7 0.84 < Ω ≤ 1

= 1.7 + 6 log (Ω) 1 ≤ Ω < 5

Γ = exp

{
−

[
(K/Kp)

1

2 − 1

]2
/2∂2

}
∂ = 0.08

(
1 + 4/Ω3

)

 !" )%-&'#6<&#%- %= )*(#11*'2 .*3"$ #- 859: #$ 4#3"- 62

BH (K) = αmFmc (Km) /2c (K) 7859C;

.!"'"

αm = 0.01{ 1 + ln [vf/c (Km)] vf ≤ c (Km)

1 + 3 ln [vf/c (Km)] vf > c (Km)
7859D;

 !" ='#)&#%- $("", vf #$ 4#3"- 62 &!" '"1*&#%-vf = C
1

2

10
U10 .#&!

C10 = (0.8 + 0.065U10)× 10
−3

.!"'"vf *-, U10 *'" "+('"$$", #- ms
−1
5E& &!" "-,

Fm = exp

[
− (1−K/Km)

2 /4
]
exp

[
−5 (Kp/K)

2 /4
]

7859F;
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 !"#$% &'&( )*+,#-.!*/ 0%. 0#$+.1% 02%13$. 4!3- 5!6%$%73 4!75 02%%50

8-% ,97!5!$%13!,7.* 02%13$#9 +,$ 5!6%$%73 4!75 02%%5 !0 0-,47 !7 3-%  !"' &'&

8-% 2$,2,0%5 .7"#*.$ +#713!,7 f (K,ϕ) !0 "!:%7 ;/

f (K,ϕ) =
1

2π
[1 + ∆ (K)× cos (2ϕ)] <&'=>?

8-% +#713!,7 ∆(K) 2$,2,0%5 ;/ )*+,#-.!*/ "!:%0 3-% 3$.70+%$ ,+ %7%$"/ +$,9 09.**

4.:%0 3,4.$50 *,7" 4.:%0' @-%7 3-% 4!75 02%%5 !71$%.0%0 !3 1.7 ;% 4$!33%7 .0

∆(K) = tanh

[
a0 + ag

(
c

cg

)2.5

+ ac

(cm
c

)2.5
]

<&'AB?

4!3- 



a0 = 0.173,

ag = 4

ac = 0.13
uf

cm

<&'AC?

8-% :.$!.3!,7 ,+ .7"#*.$ +#713!,7 +,$ 5!6%$%73 4!75 02%%50 1.7 ;% 0%%7 !7 3-%  !"'

&'D

345#(%(+'0& 6'/+-'7.+'#( 8-% %E2,7%73!.* 1,$$%*.3!,7 +#713!,7 !0 . 9,$% $%.*!03!1

1-,!1% +,$ 0,!* 0#$+.1% .0 F7%G01.*% +%.3#$%0 3-.3 .$% 9,$% !$$%"#*.$ 3-.7 3-.3 ,+ H.#00!.7

1,$$%*.3!,7 +#713!,7 .75 .22%.$ 3, 9.31- %E2%$!9%73.* 5.3. 9#1- ;%33%$ 3-.7 H.#00!.7

1,$$%*.3!,7 +#713!,70 I>JK >>L'
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 !"#$% &'() *+$!+,!-. -/ +."#0+$ /#.1,!-. /-$ 2!3%$%., 4!.2 56%%25

 -$ -.% +.2 ,4- 2!7%.5!-.+0 5#$/+1%5 ,8% %96-.%.,!+0 56%1,$#7 +$% "!:%. $%56%1;

,!:%0<= ><

S(K) =
h2l

π

1

1 +K2l2
?&'@AB

S(K) =
h2l2

π

1

1 +K2
x
l2

1

1 +K2
y
l2

?&'@@B

48%$% h !5 $75 8%!"8,= l !5 1-$$%0+,!-. 0%.",8= +.2 K !5 5#$/+1% 4+:% .#7>%$'
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 !!"#$%&#'() %(* +,-./#$%"

0#-,"%&#'()

 ! "#$%& #'( )*"#+#*, ",+##(-*./ (.'+.,(0(.# +# /-+1*./ +./2(" +.% #'( (3+,# %(4!2+-5

*1+#*!. ("#*0+#*!. )&  6789 #'( .$0(-*,+2 -("$2#" +.% ,!04+-*"!." :*#' (34(-*0(.#+2

%+#+ +.% !#'(- +.+2&#*,+2 +44-!3*0+#( #(,'.*;$(" +-( 4-("(.#(% *. #'*" ,'+4#(-<  '(

+442*,+#*!." +-( /*=(. >!- "(+ +.% )+-( "!*2 "$->+,( +.% #'( )*"#+#*, ",+##(-*./ ,!(?,*(.#

*" +.+2&1(% +" + >$.,#*!. !> -!$/'.("" 4+-+0(#(-" 2*@( *.,*%(.# +.% ",+##(-(% +./2("9

>-(;$(.,&9 -0" '(*/'# +.% ,!--(2+#*!. 2(./#' (#,<

 !" #$%&'()*%+'$

A+=( ",+##(-*./ )& -!$/' "$->+,(" *" +. *04!-#+.# *""$( *. %*=(-"( +-(+" !> ",*(.,(

"$,' +" 0(+"$-(0(.#" *. 0(%*,+29 !4#*,"9 +,!$"#*,"9 /(!4'&"*,"9 ,!00$.*,+#*!." +.%

#(--("#-*+2 !- (3#-+#(--("#-*+2 -(0!#( "(."*./< B44-!3*0+#( 0!%(2" +-( "#*22 + .(,(""*#&

%$( #! #'( *."$-0!$.#+)2( .$0(-*,+2 ,!042(3*#& !> -(+2*"#*, ",+##(-*./ 4-!)2(0"< C=(.

#!%+&D" 0+,'*.(" ,+..!# ,!4( :*#' #'( (.!-0!$" +0!$.# !> ,!04$#*./ %(0+.%(%

*. #'( ,+"( !> -*/!-!$" .$0(-*,+2 ,+2,$2+#*!." !> #'( 0!"# /(.(-+2 #'-((5%*0(."*!.+2

(2(,#-!0+/.(#*, :+=( ",+##(-*./ >-!0 %*(2(,#-*, !- ,!.%$,#*./ 0$2#*5",+2( "$->+,("<

 '*" .(,(""*#& '+" "4-$./ #'( %(=(2!40(.# !> +44-!3*0+#( 0!%(2"< E=(- #'( &(+-"

,!."*%(-+)2( (F!-# '+" )((. %(=!#(% #! #'( %(=(2!40(.# !> "$,' 0!%(2" :'*,' ,+.

4-(%*,# +,,$-+#(2& #'( )*"#+#*, ",+##(-*./ )& -!$/' "$->+,("< B0!./ #'(09 :( ,+. ,*#(

#'( 60+22 G(-#$-)+#*!. 7(#'!% H6G7I J8KLMJ8NL9JNOLMJPQL #'( R*-,''!F B44-!3*0+#*!.

HRBI JQOLMJ88L9 #'( G'+"( G(-#$-)+#*!.  (,'.*;$( HGG I JST9 QUU9 QUQL9 #'( 60+22

62!4( B44-!3*0+#*!. H66BI JQU8LMJQUSL9 A(*/'#(% V$-=+#$-( B44-!3*0+#*!. HAVBI

JQUNLMJQUOL +.% #'(  :! 6,+2( 7!%(2 H 67I JQ9 SL9 J8PLMJKUL9 JSO9 NUL9 JPTLMJT8L (#,<

W!:(=(-9 #'("( 0(#'!%" '+=( -("#-*,#(% %!0+*. !> =+2*%*#& +.%  !  " # $%&'! !( )*#

PN



 ! "##$%&'(%)*+ '*, -./01%&'$ 2%/.$'(%)*+ 33

 !"#$%& '()*+,! $- *!"#$%& .%/)0")1!& 23&)%/)0")1!&

'()4"

 !"#$% $- *$*!0"& 567)&389 !()4" -$: /!:; &,$<=

>303"! %3?!:!04! *!"#$%& "#! 4$0&3%!:!% *!*$:; $447+)"3$0=

@$70%):; 30"!1:), *!"#$%& 5%!"!:*303&"349 &7:-)4! 4$*+,!(

.++:$(3*)"!

 !"#$%&' '"("#)*+, A. /!:; -)&" )0% &")B,!

<#3,! !)&; "$

:!&":34"!% /),3%3"; %$8

*)30=

-*.$/" '"("#)*+, CD =

EC 

3*+,!*!0" 5A.= CD =

EC = CC.9

$0,; )/!:)1! 4$!F43!0"

-$: )0 30G03"! &7:-)4!=

0+1!+/*)" 1")2+3/ 

CC.H=IJ.= DDE= KJ.= L' 

5A.MCD H= CD HMDN= OOO9

:!,)"3/!,; &3*+,! 5$"#!:

*!"#$%&9

0$ %!+$,):3P)"3$0

+:!%34"3$0 30 3043%!04!

+,)0!

Q;B:3%

<!31#"!% CD RA. 30 ,$4),  !"#$%&'() *+,' &-' .$/-.-!,() %0+#'

*.+1% +,,-#$+'%2 '- + *+#%'

 !"#$ %&'( )*+,!-./*0 *1 +$23*4/ 2* 5!#56#!2$ 23$ /5!22$-.07 5*$85.$02 *1 ! -*673

/6-1!5$

 !"#$%&  ''()*"+ ,")# -."/. "! (&%" 0%& )1&( ,.& -.)%& ( #$& )2 !/ ,,&("#$

 #$%&!3 9 "-.$1 5*+,!-./*0 *1 /*+$ *1 23$ $:./2.07 +*4$#/ ./ 7.;$0 2!"#$ %&'&

 3$ 4*+!.0 *1 ;!#.4.2< *1 23$ +*/2 5#!//.5!# !,,-*:.+!2$ +*4$#/ 3!/ "$$0 /264.$4

.0 =''>?& @$0$-!##<A 23$ B9 -$C6.-$/ 23!2 23$ .05.4$02 D!;$#$0723 "$ +653 /+!##$- 23!0

23$ -!4.6/ *1 56-;!26-$ *1 23$ /6-1!5$ !04 .2 !556-!2$#< ,-$4.52/ .05*3$-$02 /5!22$-.07

0$!- 23$ /,$56#!- 4.-$52.*0 =E'A F'A GG? & H.-/2I*-4$- ,$-26-"!2.*0 23$*-< JKLM'N ./

;!#.4 !D!< 1-*+ /,$56#!- -$7.*0 D3$0 23$ /6-1!5$ /2!04!-4 4$;.!2.*0 ./ /+!## 5*+,!-$4

D.23 23$ D!;$#$0723 =E'A F'A GOA GPA '''? &  3$ KK9 ='>EA '>O? -$5*05.#$ KLM' !04

B9 !/ ! 60.1<.07 23$*-< !04 ./ !,,#.5!"#$ 1*- ! /6-1!5$ D.23 /+!## /#*,$ !04 +*4$-!2$

3$.732& KK9' 5*0/.4$-!"#< $:2$04/ 23$ ;!#.4.2< 4*+!.0 *1 KLMA "62 -$+!.0/ *62$-

,$-1*-+$4 "< B9 1*- #!-7$ -*6730$// .0 23$ 4*+!.0 D3$-$ 23./ #!/2 +$23*4 ./ Q0*D0

2* "$ !556-!2$& LL -$5*;$- B9 !04 KLM .0 23$ !,,-*,-.!2$ #.+.2/A !04 ,*//$// !

D.4$- ;!#.4.2< 4*+!.0 23!0 23$ /2!04!-4 !,,-*:.+!2.*0/& R2 7.;$/ !556-!2$ ,-$4.52.*0/

!D!< 1-*+ #*D /5!22$-$4 7-!S.07 !07#$/ J|θs| ≤ 75◦N =''E?&  3$ T)9 -$5$02#< 4$-.;$4

"< U#1*63!.#< $2 !# ='>FA '>V? D!/ /3*D0 2* .+,-*;$ "*23 B9 !04 KK9' .0 /*+$ -!07$

*1 +*4$-!2$ -*6730$// !04 .0 5*I,*#!-.S!2.*0& W0$ *1 23$ +*/2 ,*,6#!- !,,-*!53

D3.53 5*+".0$/ B9 !04 KLM' ./ 23$ 5#!//.5!#  KM J KM'N =EGA EXA %XA ''O?&  KM'

3!/ "-*!4$- -!07$ *1 ;!#.4.2< !/ 5*+,!-$4 2* KLM' !04 B9 "62 .2 ./ .0!556-!2$ 1*-

7-!S.07 !07#$/ !04 23$-$ ./ ! 7!, .0 -$7.*0/ *1 ;!#.4.2< *1 KLM' !04 B9& M*-$*;$-A

23$ ,-$4.52.*0/ 1*- 5-*// ,*#!-.S!2.*0 .0 "!5Q/5!22$-.07 !-$ 0*2 $:!52&

 3$ ,!-2.56#!- ,-*"#$+ *1 D!;$ /5!22$-.07 !2 #*D 7-!S.07 !07#$/ ./ *1 7-$!2 .02$-$/2

"$5!6/$ *1 .2/ .+,*-2!05$ 1*- 23$ #*07I4./2!05$ ,-*,!7!2.*0 *1 -!4.* D!;$/ !#*07 23$

U!-23Y/ /6-1!5$A -!4!- *"/$-;!2.*0 *1 0$!- /6-1!5$ *"Z$52/A !/ D$## !/ /*#;.07 +!0< *23$-

1604!+$02!# !04 !,,#.$4 ,-*"#$+/ *1 -$+*2$ /$0/.07& R0 23$ 23.-4 53!,2$- D$ 3!;$
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 !" #$%&"'!  ()* #$%&"'!

 +!',%$- ."$##)"/ 0*&($1")*2 3456 07+(/!/,)"*

8!%-),,)9),2

:!;2! -(<!* 3=>6? :!;2! -(<!* 3=>6 8!+*)/#@) -(<!* 34A6?

4 + i B!"#$%!< 9"*$!# 3AC6

8"%"-!,!%#

kh : 0.1, 0.2, ..., 1 8D? ED? FD? GD h(cm) = 0.40, 1.12, 3.02

kl : 1, 2, ..., 6 "/< H$D;"/<? l(cm) = 8.4, 8.8

IJKL-M#NOA?PPP?JQ &L.RSNOJPQ? CP5Q? 4PQK

F(-+P )/

T"'@#'",,!%)/U

B(B?   VW 3A56 3AA6? 346?   VJ?

B(B? XFV 3A=6?

3A>6

3AC6? 3AQ6

F(-+P )/ T)#,",)'

#'",,!%)/U

Y BJ Y BJ Y BJ

Y";*! QPWZ V/ (9!%9)![ (& ,1! -!,1(<(*(U2 $#!< ,( !9"*$",! Y BW

#!!/ ,1",  8B? [1!/ #,$<)!< $+ ,( #!'(/< (%<!%? 1"# *"%U!% <(-")/ (& 9"*)<),2 "/< ,1!

'(/,%);$,)(/ (& #!'(/< (%<!% #'",,!%)/U U)9! !/1"/'!< %!#$*,# &(% '!%,")/ '(/\U$%",)(/#?

&%(- -(<!%",! ,( *"%U! )/')<!/, "/U*!# L#-"** U%"S)/U "/U*!#NP B(%!(9!%?  8BW "*#(

+%(<$'!# /(/DS!%( %!#$*,# &(% '%(## +(*"%)S",)(/P Y1!#! (;#!%9",)(/# -(,)9",!< $# ,(

<!9!*(+ "/ )-+%(9!< Y B LY BWN ;2 ,"@)/U )/,( "''($/, ,1! '(/,%);$,)(/ (& #!'(/<

(%<!% #'",,!%)/U 3AJ? AW6P X! !7+!', ,1", ,1! /![ <!9!*(+!< -(<!* [)** ;! $#!&$* &(%

%!-(,! #!/#)/U (& ,1! ('!"/ "/< ;"%! #()* #$%&"'!#? !#+!')"**2 [1!/ ,1! ,%"/#-),,!%

)# '*(#! ,( ,1! #$%&"'! "/< '"/ +%(<$'! ;!,,!% +%!<)',)(/# &(% '%(## +(*"%)S",)(/# 3A46D

3CW6P :$! ,( ,1! ;%("<!% 9"*)<),2 <(-")/ (&  8BW? Y BW 1"# ,1! ";)*),2 ,( ;%)<U!

,1! U"+ )/ ,1! <(-")/# (& 9"*)<),2 (& HVJ "/<  8BJP Y( '1!'@ ,1!#! 12+(,1!#)#

,1! #)-$*",)(/ %!#$*,# $#)/U ,1%!! <)]!%!/, #+!',%" "%! +%!#!/,!< )/ ,1)# '1"+,!% "/<

'(-+"%!< [),1 ,1! %!#$*,# (;,")/!< &%(- (,1!% "/"*2,)'"* "++%(7)-",! ,!'1/)^$!#?

-!"#$%!< <"," +$;*)#1!< )/ *),!%",$%! "/< ,1! %!#$*,# '"*'$*",!< ;2 $#)/U ,1! #(&,["%!

_0H` 3JJC6? [1)'1 )# ;"#!< (/ ,1! /$-!%)'"**2 !7"', -!,1(< B(B 3JJQ? JJ>6P

a/ ,1)# '1"+,!%? )/),)"**2 [! $#! ,1! B(B ,( ,!#, ,1! "''$%"'2 "/< 9"*)<),2 <(-")/#

(& Y BW &(% " #$%&"'! [),1 ."$##)"/ #+!',%$-P Y1!/ ,1! "++*)'",)(/# "%! U)9!/ &(% #!"

#$%&"'! (;!2)/U ,1! 0*&($1")*2 !, "*P #+!',%$-P  !',)(/ A )# <!9(,!< ,( ,1! "++*)'",)(/#

(& Y BW &(% ;"%! #()* #$%&"'!P V '(-+"%)#(/ (& -(<!* +%!<)',)(/# [),1 !7+!%)-!/,"*

<"," &(% '%(## +(*"%)S",)(/ )# +%!#!/,!< )/ #!',)(/ CP _)/"**2? ,1! '(/'*$#)(/# (& ,1)#

[(%@ "%! %!+(%,!<P

 !" #$$%&'()&*+ )* ,-( ,./0('-

a/ ,1)# #!',)(/ /$-!%)'"* %!#$*,# "%! +%!#!/,!< &(% ."$##)"/ "/< #!" #+!',%" "/< '(-D

+"%!< [),1 B(B? -!"#$%!< <"," "/< (,1!% "++%(7)-",! "/"*2,)' ,!'1/)^$!#P
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 !"#$%!&'(() *$%+'(!,-. %'.'% &%$"" "-&#!$* $/ 0-%#!&'( 1$('%!,'#!$* σvv 2'" 3--*

4*$5* #$ 3- %'#2-% 5-(( -61('!*-. 3) 7%'88 "&'##-%!*8 '98+-*#-. 3) ' &$+1$"!#-: $%

#5$;"&'(-: "-' "9%/'&- $0-% #2- %'*8- $/ !*&!.-*&- '*8(-" /%$+ '11%$6!+'#-() 20◦ #$ 60◦

'*. 1%$3'3() '# -0-* 2!82-% !*&!.-*&- '*8(-": !*#$ #2- "$ &'((-. <=> %-8!+- ?@: @@ABC

D* #2- $#2-% 2'*.: #2-%- !" ' *--. #$ "#9.) σhh !* +$%- .-#'!(C E# !" '11-'%-. #$

3- /'!%() 5-(( 1%-.!&#-. 3) 7%'88FGHI@ "9%/'&- "&'##-%!*8 /%$+ 20◦ #$ 45◦ !*&!.-*&-

39# '# ('%8-% !*&!.-*# '*8(-" #2!" !*#-*"!#) !" &$*"!.-%'3() "#%$*8-% #2'* #2'# -61-&#-.

/%$+ #2-$%-#!&'( &$+19#'#!$*C I'*) *$*;7%'88 "&'##-%!*8 +-&2'*!"+" '##%!39#'3(- #$

5'0- 3%-'4!*8 2'0- 3--* "988-"#-. #$ -61('!* #2- "#%$*8 %'.'% %-#9%*"C G2- J$11(-%

1%$1-%#) $/ 2$%!,$*#'( 1$('%!,'#!$* K  L %-#9%* !" '("$ /$9*. #$ 3- 0-%) .!M-%-*# /%$+

#2- NN %-#9%* ?@O: @@BC  $5-0-% #2-%- '%- $#2-% +-&2'*!"+" -C8C: /'.!*8 ?PB '*. 2!82-%

$%.-% "&'##-%!*8 -#&C #2'# '%- %-"1$*"!3(- /$% "#%$*8 3'&4"&'##-% !*#-*"!#)C G$ 8-#

!+1%$0-. !*#-*"!#) $/ '# ('%8-% !*&!.-*# '*8(-" 5- 2'0- .-0-($1-. GHIQ 3) #'4!*8 !*#$

'&&$9*# #2- &$*#%!39#!$* $/ "-&$*. $%.-% "&'##-%!*8 '# "+'(( "&'(-C E* #2!" "-&#!$* 5-

!*0-"#!8'#- σhh 3) 9"!*8 GHIQ /%$+ +$.-%'#- #$ ('%8- !*&!.-*# '*8(-"C

 !"!# $%&'()*+, ('-%,.- %-)/0 1+%--)+/ -2'*.(%&

R$% $9% S%"# -61-%!+-*# '*. #$ &2-&4 2$5 GHIQ 1-%/$%+ $* ' "!*8(- "&'(- "9%/'&-": 5-

2'0- &2$"-* #2- 1%$#$#)1- $/ "9%/'&-" 5!#2 ='9""!'* "1-&#%9+C G2-"- '%- 1'%'+-#-%;

!,-. $*() 3) #2- %+" 2-!82# h '*. #2- &$%%-('#!$* (-*8#2 lC E* 3'&4"&'##-%!*8 .!%-&#!$*:

5- -6'+!*- #2- '&&9%'&) $/ GHIQ 3) &$+1'%!*8 #2- *9+-%!&'( %-"9(#" 5!#2 I$IC

G2-* 5- 9"- #2- GHIQ #$ 1%-.!&# #2- "9%/'&- "&'##-%!*8 !* 3!"#'#!& &$*S89%'#!$* '*.

&$+1'%- #2- %-"9(#" 5!#2 HH>QC

5)*)+('(%& &)*67.1'(%)*

G2!" &$*S89%'#!$* !" $+*!1%-"-*# !* #2- (!#-%'#9%-: !# !" "!+1(- #$ !+1(-+-*# "!*&- #2-

-+!##-% !" !* #2- "'+- #!+- #2- %-&-!0-%C E# !" 9"-. !* +'*) '11(!&'#!$*" '" &('""!&

%'.'%": H>T !+'8-" '*. =7TCCC

G$ /9(S(( #2- 3'&4"&'##-%!*8 &$*S89%'#!$* &$*.!#!$*": !*&!.-*# '*8(-" !* -+!""!$*

'*. %-&-1#!$* '%- #'4-* !.-*#!&'( '*. #2- &$%%-"1$*.!*8 ',!+9#2 .!M-%-*&- -U9'( #$

πC V- 2'0- 3--* 5$%4!*8 $* "9%/'&-" *9+3-%-. /%$+ @ #$ @W: 52$"- 1'%'+-#-%" '%-

"9++'%!,-. !* #'3(- WCXC

G2- *9+-%!&'( %-"9(#" /$% I$I 2'0- 3--* $3#'!*-. 3) 9"!*8 RYZD ?@@[B/$% 1-%;

/-&#() &$*.9&#!*8 "9%/'&-C R$% -'&2 "9%/'&- #2- "&'##-%!*8 &$-\&!-*# !" -"#!+'#-.

3) '0-%'8!*8 $0-% 1000 "'+1(-"C ]$#- #2'# !* I$I "!+9('#!$*" 5- 2'0- 9"-. $*-;

.!+-*"!$*'( K@JL "9%/'&- -+3-..-. !* ' #5$;.!+-*"!$*'( KQJL "1'&- !* $%.-% #$ '0$!.

#2- &$+19#'#!$*'( &$+1(-6!#) !*0$(0-. !* #2- QJ "9%/'&- -+3-..-. !* ' #2%--;.!+-*"!$*'(
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 !"#$%& kh kl '()!"&

* +,- * .,*/$0

- +,. * .,*/10

2 * * .,*/%0

3 +,- -

. +,. -

4 * -

5 +,- 2 .,-/$0

6 +,. 2 .,-/107 .,.7 .,47 .,57 .,6

8 * 2 .,-/%0

*+ +,- 3 .,2/$0

** +,. 3 .,2/10

*- * 3 .,2/%0

*2 +,- .

*3 +,. .

*. * .

9$1:& .,2;  !<<$"= ># ">!)?@&AA B$"$<&C&"A

/2D0 AB$%&, '!"C?&"<>"&7 A%$CC&"(@) "&A!:CA >1C$(@&E #>" *D B">F:&A $:A> )(G& $ )>>E

(@E(%$C(>@ ># A%$CC&"(@) E&B&@E&@%& >@ -D A!"#$%& B$"$<&C&"A H**6I, '()!"&A .,*/$0J/%0

E(AB:$= C?& <>@>AC$C(% KLM σhh G&"A!A C?& (@%(E&@%& $@):& #>" N>N7 9 N*7 9 N-7

 ON* $@E  ON- #>" C?"&& A!"#$%&A S17 S2 $@E S3 P(C? kl = 1 $@E kh "$@)(@) #"><

0.2 C> 1,9?& G$:!& ># "&:$C(G& B&"<(CC(G(C= (A %$:%!:$C&E 1= !A(@) D&1=&QA <>E&: H64I,

 !"#$%& 1 #$::A (@C> C?& G$:(E(C= E><$(@ >#  ON*, RC C?(A ">!)?@&AA :&G&: /(,&,7

P?&@ kh = 0.2 S kl = 10 C?& B"&E(%C(>@A 1=  ON- $"& <!%? P&$T&" C?$@  ON* $C

$:: (@%(E&@C $@):&A $@E C?& %>@C"(1!C(>@ ># A&%>@E >"E&" A%$CC&"(@) E>&A @>C A&&<A C>

1& (<B>"C$@C, 9?& "&A!:CA ># 9 N* $@E 9 N- %>(@%(E& $@E $"& (@ $)"&&<&@C P(C?

N>N, U>P&G&"7 (C %$@ 1& >1A&"G&E #">< '()A .,*/10 $@E .,*/%0 C?$C C?& A&%>@E >"E&"

A%$CC&"(@) &V&%CA $"& 1&%><(@) AC">@) $@E  ON- $BB">$%?&A C>  ON* $A C?& "<A

?&()?C (@%"&$A&A $@E C?& $EE(C(>@ >#  ON- (@  ON* AC$"CA )(G(@) &@?$@%&E "&A!:CA #>"

A%$CC&"(@) %>&W%(&@C %><B!C&E 1= 9 N-, '>" S3 /'(), .,*/%00 C?& 9 N- "&A!:CA $"&

A:()?C:= )"&$C&" C?$@ 9 N* $@E C?& %><B$"(A>@ P(C? N>N A?>PA C?$C 1>C? 9 N* $@E

9 N- AC$"C >G&"&AC(<$C(@) C?& A%$CC&"&E B>P&" $A C?& (@%(E&@C $@):& (@%"&$A&A, XC (A C>

1& @>C&E C?$C C?& ">!)?@&AA B$"$<&C&"A #>" C?(A A!"#$%& $"& %?>A&@ >!CA(E& C?& G$:(E(C=

E><$(@ >#  ON* $@E  ON-,

'()!"&A .,-/$0J /%0 A?>PA $@)!:$" "&AB>@A&A ># σhh #>" A!"#$%&A S77 S87 $@E S9 P(C?

kl = 3 $@E kh = 0.27 0.5 $@E 17 "&AB&%C(G&:=,

Y& @>C(%& C?$C $A C?& %>""&:$C(>@ :&@)C? (A (@%"&$A&E7  ON- )(G&A &@?$@%&E 1$%TA%$CJ

C&"&E B>P&" C?$@  ON* #">< (@C&"<&E($C& C> A<$:: )"$Z(@) $@):&A $@E 1&%><& <>"&

A()@(F%$@C $A C?& "<A ?&()?C (@%"&$A&A, U&@%& C?& %>@C"(1!C(>@ ># A&%>@E >"E&" A%$CC&"J



 ! "##$%&'(%)*+ '*, -./01%&'$ 2%/.$'(%)*+ 34

40 50 60 70 80 90
−80

−70

−60

−50

−40

−30

−20

−10

incident angle(°)

B
a
c
k
s
c
a
tt
e
ri
n
g
 c

o
e
ff
 σ

h
h
 (

d
B

)

kh=0.2, kl=1

TSM1

TSM2

SPM1

SPM2

MoM

 !"

40 50 60 70 80 90
−60

−50

−40

−30

−20

−10

0

10

incident angle(°)

B
a
c
k
s
c
a
tt
e
ri
n
g
 c

o
e
ff
 σ

h
h
 (

d
B

)

kh=0.5, kl=1

TSM1

TSM2

SPM1

SPM2

MoM

 #"

40 50 60 70 80 90
−60

−50

−40

−30

−20

−10

0

10

incident angle(°)

B
a
c
k
s
c
a
tt
e
ri
n
g
 c

o
e
ff
 σ

h
h
 (

d
B

)

kh=1, kl=1

TSM1

TSM2

SPM1

SPM2

MoM

 $"

%&'()* +,-. /!$01$!22*)&3' $4*5$&*32. 6478!)&143 49 :;<-= :;<>= ;?<- !3@ ;?<>

A&2B 2B* <4<= C!(11&!3 18*$2)(7= !"kh = 0.2= kl = 1D  #"kh = 0.5= kl = 1D  $"kh = 1=

kl = 1
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%&'()* +,-. /!$01$!22*)&3' $4*5$&*32. 6478!)&143 49 :;<=> :;<=> ;?<- !3@ ;?<-

A&2B 2B* <4<> C!(11&!3 18*$2)(7> !"kh = 0.2> kl = 3D  #"kh = 0.5> kl = 3D  $"kh = 1>

kl = 3
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 !" #$%&'(%  !  )*#+,$- ./0 1./0234 .5$ 6+)*7# %+!% 8 (5 0+0  ! 9 "%4 :42173 7!-
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 !"#$% &'(E* +,-./-,00%$!1" -2%3-!%10* 4562 -278,$%9 02 0:% 7%,/#$%9 9,0, ;<(=>

5?6@ ,19 4561 A2$ h = 0.40 -7 ,19 l = 8.4 -7 ,0 F,G HCD,19> FDG ICD,19'

7%,/#$%9 9,0, D#0 A2$ 0:% 20:%$ 0J2 A$%K#%1-!%/ F!'%'> H3 ,19 I3G 4562 2L%$C%/0!7,0%/'

M%N0> 02 /0#9O A#$0:%$ 0:% -21/!/0%1-O ,19 L,P!9!0O 2A 4562> J% -278,$% 2#$ $%/#P0/

J!0: QRS6 ,19 %N8%$!7%10,P 9,0, ;<&= !1  !"' &'(&F,G J:!-: !/ 8P200%9 ,0 5CD,19 Ff = 3

TUVG J!0: h = 1.045 -7> l = 19.47 -7 ,19 εr = 11.5' Q",!1 0:% 8$%9!-0!21/ DO 4562

,$% !1 D%00%$ ,"$%%7%10 J!0: 0:% 7%,/#$%9 9,0, ,19 QRS6'

42 %L,P#,0% 0:% ,88P!-,D!P!0O 2A 4562> 0:% P2-,0!21/ 2A -21/!9%$%9 82!10/ ,$% !9%1C



 ! "##$%&'(%)*+ '*, -./01%&'$ 2%/.$'(%)*+ 333

30 40 50 60 70 80 90
−50

−40

−30

−20

−10

0

10

θ
i
 (degrees)

(a)

b
a
c
k
s
c
a
tt
e
ri
n
g
 c

o
e
ff
.

σ
h
v
 (

d
B

)
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Exp. Data

 !"#$% &'()* +,-./-,00%$!1" -2%3-!%10* 4562 -278,$%9 02 0:% 7%,/#$%9 9,0, ;<(=>

5?6) ,19 4561 @2$ h = 3.02 -7 ,19 l = 8.8 -7 ,0 ABC,19'
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Exp. Data

 !"#$% &'(<* +,-./-,00%$!1" -2%3-!%10* 4562 -278,$%9 02 0:% 7%,/#$%9 9,0, ;<(=>

5?6) ,19 4561 @2$ h = 3.02 -7 ,19 l = 8.8 -7 ,0 D(BC,19'
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Exp. Data

 !"#$% &'(() *+,-.,+//%$!0" ,1%2,!%0/) 3452 ,167+$%8 /1 /9% 6%+.#$%8 8+/+ :;(<=

4>5? +08 3451 @1$ h = 3.02 ,6 +08 l = 8.8 ,6 +/ A(BC+08'

/!D%8 !0 ks − kl .7+,% !0  !"' &'(&ECF +G10" H!/9 /9% I#+G!/+/!J% $%"!10. 1@ J+G!8!/K 1@

4>5L= 4>5? :M?<= >N E>9K.!,+G N7/!,.F +08 ON EO%16%/$!,+G N7/!,.F 618%G.' P/ !.

1C.%$J%8 /9+/ 3452 7$%8!,/!10. +$% "118Q$%+.10+CG% +. @+$ +. kh ≤ 1 +08 !/ 1J%$B

%./!6+/%. 1/9%$H!.%' P/ !. I#!/% G1"!,+G C%,+#.% +,/#+G %./!6+/!10 1@ ,$1.. 71G+$!R%8

,1%2,!%0/. +$% 8#% /1 /9% !0,G#.!10 1@ .%,108 1$8%$ .,+//%$!0" CK 4>52 H9!,9 !. J+G!8

/!GG kh < 0.6 :M?<= @1$ 618%$+/% !0,!8%0/ +0"G%.' N0 /9% 1/9%$ 9+08 3452 ,+0 C% #.%8

.#,,%..@#GGK @1$ G10"%$ ,1$$%G+/!10 G%0"/9.'

 #$/9%$61$%= /9% ,167+$!.10 1@ 3452 H!/9 44S2 !. +G.1 7$%.%0/%8 !0  !". &'(TE+F

+08 &'(TECF @1$ kh = 0.5= kl = 3 +08 kh = 1= kl = 6' 3452 "!J%. %09+0,%8 $%.#G/.

+. ,167+$%8 /1 44S2 H9!,9 !. 8#% /1 /9% @+,/ /9+/ 345 +G.1 !0,G#8%. /9% +J%$+"!0"

%U%,/. 1J%$ .G17% 8!./$!C#/!10 @1$ G10" .,+G% H+J%. +G10" H!/9 /9% .,+//%$!0" ,1%2,!%0/

,+G,#G+/!10. CK 4>5 @1$ .6+GG .,+G% H+J%.'

 !0+GGK=  !".' &'(ME+F +08 ECF .91H /9% +0"#G+$ $%.710.%. 1@ /9% hvB71G+$!R%8 C!./+/!,

.,+//%$!0" ,1%2,!%0/ (σhv)' 39% !0,!8%0/ +0"G% !. DV%8 +/ 45
◦
H9!G% /9% $%,%!J%8 10%

J+$!%. @$16 −90◦ /1 90◦ +08 $%,%!J%8 +R!6#/9 !. .%/ +/ 45◦'39% 0#6%$!,+G $%.#G/. +$%
"!J%0 @1$ W1= W3= A1 +08 A3' P/ ,+0 C% 1C.%$J%8 /9+/ /9% 8!U%$%0,% C%/H%%0 /H1 618%G.

!0,$%+.%. H!/9 /9% !0,$%+.% !0 @$%I#%0,K +08 $1#"90%.. G%J%G'
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 !"#$% &'(&) *+,-+./0.+11%$!2" .3%4.!%21) 5672 .389+$%: ;!1< =>?7@ 8%+0#$%: :+1+

AB&C +2: 5671 D3$ h = 3.02 .8 +2: l = 8.8 .8 +1 6EF+2:G F, $3#"<2%00 9+$+8%1%$0

+2: 1<% H#+I!1+1!J% $%"!32 3D J+I!:!1K 3D 6L71@ 6L72@ LM +2: NM 83:%I0'
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 !"#$% &'(O) -+./0.+11%$!2" .3%4.!%21) P389' 3D 6L72@ 5671 +2: 5672 ;!1< 66=2

*+,kh = 0.5@ kl = 3G *F,/<Q1@ kl = 6'

 !"!# $%&'()*+%&

>2 1<% 0%.32: 9+$1 3D 1<!0 .<+91%$ 567R <+0 F%%2 +2+IKS%: D3$ 1<% .$300 93I+$!S+1!32

9$%:!.1!320 !2 1<% F+./0.+11%$!2" +2: F!01+1!. 0.+11%$!2" :!$%.1!320' ="+!2 1<% +99I!E

.+1!32 <+J% F%%2 .320!:%$%: F31< D3$ 0%+ +2: 03!I 0#$D+.%0' >2 1<% .+0% 3D 0%+ 0#$D+.%@

:#% 13 1<% +F0%2.% 3D 8%+0#$%: :+1+ +1 "$+S!2" +2"I%0 1<% .389+$!0320 +$% "!J%2 32IK

F%1;%%2 567T +2: 567R' U3;%J%$@ !2 1<% .+0% 3D F+$% 03!I 0#$D+.% .389+$!0320 3D 2#E

8%$!.+I $%0#I10 ;!1< 8%+0#$%: :+1+ +2: ;!1< 31<%$ 0.+11%$!2" 83:%I0 0<3;0 1<+1 567R

"!J%0 F%11%$ 9$%:!.1!320 3D :%93I+$!S%: .38932%210 #9 13 .%$1+!2 $3#"<2%00 I!8!10' >2

F!01+1!. .+0% 1<% .389+$!0320 +$% "!J%2 FK J+$K!2" 1<% 3F0%$J%: +2: +S!8#1<+I +2"I%0'
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 !"#$% &'()* +!,-.-!/ ,/.--%$!0" /1%2/!%0-* 3145' 16 789: .0; 789< =.> ?@A.0; =A>

B@A.0;'

 ! "#$%&'()#$

C0 -D!, /D.5-%$ E% D.F% .0.GHI%; .0; F.G!;.-%; -D% 789< AH /145.$!0" !-, ,!4#@

G.-%; $%,#G-, E!-D 4%.,#$%; .0; 5#AG!,D%; $%,#G-, !0 G!-%$.-#$%' C0 -D% J$,- 5.$- 16 -D%

/D.5-%$K 789< D., A%%0 #,%; -1 ,-#;H -D% A!,-.-!/ ,/.--%$!0" %0D.0/%4%0- .- "$.I@

!0" .0"G%, 61$ D1$!I10-.G 51G.$!I.-!10 .0; !-, .55G!/.-!10, .$% "!F%0 61$ ,%. .0; A.$%

,1!G ,#$6./%,'  1$ A1-D ,#$6./%, -D% ,!4#G.-!10, D., A%%0 5%$61$4%; AH -.L!0" !0-1

.//1#0- -D% "%14%-$!/.G $%5$%,%0-.-!10 =,5%/-$.G $%5$%,%0-.-!10 .0; ,G15% ;!,-$!A#-!10>

.0; 5DH,!/.G /D.$./-%$!,-!/, =%G%/-$!/ 5%$4!--!F!-H .0; 4."0%-!/ 5%$4%.A!G!-H> .0; -D%

/145.$!,10, .$% 5$%,%0-%; ., . 6#0/-!10 16 ;!M%$%0- 5.$.4%-%$, =!0/!;%0- .0; 1A,%$F%;

.0"G%,K %4!--%; 6$%N#%0/HK E!0; ,5%%;>' O% 61#0; -D.-K !0 /.,% 16 P.#,,!.0 .0; %Q51@

0%0-!.G ,5%/-$#4K 789< /.0 A% #,%; .;%N#.-%GH -1 %,-!4.-% -D% ,/.--%$!0" /1%2/!%0-

6$14 41;%$.-% -1 ,4.GG "$.I!0" .0"G%, ., 6.$ ., -D% F.G#% 16 kh $%4.!0, G%,, -D.0 1$

0%.$GH %N#.G -1 1' R0 -D% 1-D%$ D.0; !- /.0 A% #,%; 61$ G10"%$ /1$$%G.-!10 G%0"-D,'

8!4!G.$GHK -D% /145.$!,10, A.,% 10 SG61#D.!GH ,5%/-$#4 ,D1E%; -D.- 789< 5$%;!/-!10,

.- "$.I!0" .0"G%, .$% "11; 61$ $%G.-!F%GH G1E E!0; ,5%%;, .0; %4!--%; 6$%N#%0/H #5 -1

B@A.0;'

C0 -D% ,%/10; 5.$- 16 -D% /D.5-%$ E% D.F% ,D1E0 -D.-K ;#% -1 -D% !0/G#,!10 16 ,%/10;

1$;%$ ,/.--%$!0" %M%/-, ED!G% !0 -D% ;%F%G154%0- 16 789<K !- D., -D% .A!G!-H -1 5$%;!/-

.//#$.-%GH -D% ;%51G.$!I.-!10 !0 /.,% 16 A./L,/.--%$!0" .0; A!,-.-!/ ,/.--%$!0"' 7D%

%F.G#.-!10 .0; F.G!;!-H G!4!-, 16 789< 61$ ,%. .0; ,1!G ,#$6./% !, 5$%,%0-%;'

R0 -D% 1-D%$ D.0;K ;#% -1 -D% 61#$ !0-%"$.G, !0F1GF%; !0 -D% /.G/#G.-!10 16 ,/.--%$!0"

/1%2/!%0- AH #,!0" 789< !- !, /145#-.-!10.GGH /145G%Q .0; -.L% G10" -!4% -1 "!F%

-D% $%,#G-, ,1 -D%$% !, . 0%%; -1 ;%F!,% -D% 4%-D1;, -1 .//%G%$.-% -D% $%,#G-,'



 !"#$%& '

 !"#$%&'!"& (") *+!&,-#.'/-&

 !" #$%&' (&)*'+,-*+&) &. *!+/ *!"/+/ !$0" ,"") *!" 1"0"2&3#")* &. $) +#3'&0"1  4&5

6($2" 7&1"2 8 679: ,; *$<+)= +)*& $((&-)* *!" (&)*'+,-*+&) &. /"(&)1 &'1"' 8#-2*+32":

/($**"'+)= ">"(*/ .'&# $ '$)1&# '&-=! /-'.$("?  !"  679 4$/ -/"1@ &) *!" &)" !$)1@

*& /*-1; *!" ,+/*$*+( /($**"'+)= ")!$)("#")* $* ='$A+)= $)=2"/ $)1 &) *!" &*!"' !$)1@

*& *!" $((-'$*" 1"3&2$'+A$*+&) "/*+#$*+&)?  !" $332+($*+&)/ &.  679 4"'" (&)/+1"'"1

,&*! .&' /"$ $)1 ,$'" /&+2 /-'.$("/ $)1 *!" )"42; 1"0"2&3"1 #&1"2 4$/ 0$2+1$*"1 ,;

(&#3$'+)= *!" '"/-2*/ 4+*! "B3"'+#")*$2 #"$/-'"#")*/ 3-,2+/!"1 +) 2+*"'$*-'" $)1 4+*!

*!&/" &,*$+)"1 .'&# &*!"' $)$2;*+($2 $33'&B+#$*" #"*!&1/ 2+<" 6#$22 62&3" C33'&B5

+#$*+&) 866C: $)1 D"+=!*"1 E-'0$*-'" C33'&B+#$*+&) 8DEC:? F"/+1"/ *!"/" #$%&'

$((&#32+/!#")*/ *!" 1"0"2&3#")*@ $)$2;/+/ $)1 2+#+*$*+&)/ &. (2$//+($2 /($**"'+)= #&15

"2/ 4"'" $2/& /*-1+"1?

G) *!" /"(&)1 (!$3*"'@ $.*"' +)*'&1-(+)= *!" .-)1$#")*$2 (&)("3*/ &. "2"(*'&#$=5

)"*+/# )"("//$'; *& -)1"'/*$)1 *!" ">"(*/ &. /-'.$(" '&-=!)"// &) $ /($**"'+)= (&"H5

(+")* 4" '"($22"1 *!" "I-$*+&)/ &. $ #&)&(!'&#$*+( 32$)" 4$0" $)1 *!") *!" 1+>'$(*+&)

$)1 1+>-/+&) &. "2"(*'&#$=)"*+( 4$0"/ ,; $ '&-=! /-'.$(" +/ /*-1+"1? D" (2$'+J"1 *!"

(&)("3*/ &. 3&2$'+A$*+&) 4+*! 1+>"'")* /*$*"/ 82+)"$'@ "22+3*+($2 $)1 (+'(-2$':? K-'*!"'5

#&'"@ *!" /*$*+/*+($2 1"/('+3*+&) &. $ '$)1&# '&-=! /-'.$(" ,; -/+)= +*/ ="&#"*'+5

($2 (!$'$(*"'+/*+(/ 8!"+=!* 1+/*'+,-*+&)@ .-)(*+&) $-*&(&''"2$*+&) .-)(*+&) (!$'$(*"'+/*+(

/3"(*'$2 '"3'"/")*$*+&) $)1 1+/*'+,-*+&) /2&3"/: +/ =+0") $* ")1 &. *!+/ (!$3*"'?

 !" *!+'1 (!$3*"' +/ 1"0&*"1 *& *!" /*-1; &. /($**"'+)= #&1"2/?  !" ($2(-2$*+&)

&. 0"(*&' "2"(*'&#$=)"*+( J"21 /($**"'"1 ,; $ '&-=! /-'.$(" +/ )&* "$/; $)1 *!"'" 1&"/

)&* "B+/* $); "B$(* /&2-*+&) 4!+(! +/ 0$2+1 .&' $22 (&)J=-'$*+&)/? G)1""1@ "$(! #"*!&1

!$/ +*/ 2+#+*$*+&)/@ $10$)*$="/ $)1 1+/$10$)*$="/@ $)1 *!" "/*+#$*+&) &. /($**"'"1

J"21 1"3")1/ &) *!" /-'.$(" '&-=!)"// 4+*! '"/3"(* *& "#+**"1 "2"(*'&#$=)"*+( 4$0"5

2")=*! $)1 *!" (!&/") ="&#"*'+($2 (&)J=-'$*+&)? L""3+)= *!+/ +) #+)1 *!'"" (2$//+($22;

-/"1 /($**"'+)= #&1"2/ +?"? L+'(!!&> C33'&B+#$*+&) 8LC:@ 6#$22 M"'*-',$*+&) 7&1"2

NNO



 ! "#$%&'()#$( *$+ ,-#(./%0)1/( 22 

 !"#$ %&' ()* !+%,- #*'-,  (!#$ )-.- /.-0-&1-'2 3- 01%.1-' 45 .-67-)7&8 19- :;<

)97+9 70 %//,7+%4,- =%7&,5 >*. 19- +%,+?,%17*& *> 0/-+?,%. +*=/*&-&12 (9- /.7&+7/,-

*> 1970 =-19*' 70 1* %007=7,%1- 19- 0?.>%+- 45 % 1%&8-&1 /,%&- %1 19- 7&+7'-&1 /*7&1 *>

1.%&0=711-' )%6-2 @*)-6-.< :; 70 &* ,*&8-. 6%,7' )9-& 19- 09*.1 )%6-,-&819 )%6-0

'*=7&%1- 19- 0?.>%+-2 A*. % 0,7891,5 .*?89 0?.>%+- !"# 9%0 4--& 01?'7-' 7& '-1%7,2

B5 ?07&8 -C1-&'-' 4*?&'%.5 +*&'717*& =-19*' 1970 =-19*' 9%0 4--& -C1-&'-' ?/ 1*

0-+*&' *.'-.2 ; '-1%7,-' +*=/%.70*& 4-1)--& !"#D %&' !"#E 09*)-' 19%1 '?- 1*

19- =?,17/,- 0+%11-.7&8 &%1?.- *> !"#E< 71 /*00-00 4701%17+ 0+%11-.7&8 -&9%&+-=-&1 %1

8.%F7&8 %&8,-0 >*. +-.1%7& +*&G8?.%17*&02 #*.-*6-.< !"#E /.*'?+-' &*&HF-.* .-0?,10

>*. 4%+I0+%11-.7&8 '7.-+17*& %0 *//*0-' 1* !"#D %&' 9%0 ,%.8-. 6%,7'715 '*=%7&2

(9- 1)* 01?'7-' =*'-,0 %.- 6%,7' >*. 0?.>%+-0 1* % 07&8,- 0+%,- *> .*?89&-00 72-2< %

,%.8- %&' % 0=%,, .-,%1-' 1* 19- 7&+7'-&1 )%6-,-&8192 @*)-6-.< 19- &%1?.%, 0?.>%+-0

%.- +9%.%+1-.7F-' 45 0-6-.%, 0+%,-0 *> .*?89&-002 !7&+- 71 70 7=/*0074,- 1* +*&07'-. %,,

0+%,-0< % =*'-, +%,,-' 1)* 0+%,-0  (!#D$ )%0 01?'7-'2 J& 1970 %//.*%+9< 19- 0?.>%+-

70 +9%.%+1-.7F-' 45 1)* %6-.%8- 0+%,-0 *> .*?89&-00< *&- 0=%,, %&' 19- *19-. % =*.-

078&7G+%&1 %0 +*=/%.-' 1* 19- )%6-,-&8192 J1 ?0-0 !"#D %1 0=%,, 0+%,- 72-2 >*. 09*.1

)%6-,-&819 )%6-0 %&' 19- -K-+1 *> ,*&8 )%6-,-&819 /%.1 70 1%I-& 7&1* %++*?&1 45

%6-.%87&8 *6-. 19- 17,1 %&8,-02 @-&+-< (!#D 9%0 ,%.8-. '*=%7& *> 6%,7'715 %0 +*=/%.-'

1* !"#D %&' :;< 4?1 71 70 7&%++?.%1- >*. 8.%F7&8 %&8,-0 %&' 19-.- 70 % 8%/ 7& 19-

'*=%7&0 *> 6%,7'715 *> !"#D %&' :;2 #*.-*6-.< 19- '-/*,%.7F%17*& -017=%17*& 45

(!#D %.- '?- 1* 19- 17,1 *> .-L-+17&8 /,%&- %&' &*1 %& %+1?%, /9-&*=-&% 07&+- 4*19
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εr − sin2 θd cos (ϕs − ϕd) sin (ϕd − ϕi)

+

(
sin

2 θd + cos θd

√
εr − sin2 θd

)
sin (ϕs − ϕd) cos (ϕd − ϕi)

))]
 !"##%

β
(2)

vh
=

εr − 1(
εr cos θs +

√
εr − sin2 θs

)(
cos θi +

√
εr − sin2 θi

)

[
sin (φs − φi)

(
εr +

√
εr − sin2 θs

√
εr − sin2 θi

)

−2
(
sin (φ1 − φi) εr sin θs

√
A2 +B2

(A2 +B2) + C
√
εr −A2 −B2

+

√
εr − sin2 θs (εr − 1)(

εrC +
√
εr −A2 −B2

)
(
C
√
εr −A2 −B2 cos (φs − φ1) sin (φ1 − φi)

+

((
A2 +B2

)
+ C

√
εr −A2 −B2

)
sin (φs − φ1) cos (φ1 − φi)

)]]
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α(2)
vv

=
K2 (εr − 1) cos θi(

εr cos θs +
√
εr − sin2 θs

)(
εr cos θi +

√
εr − sin2 θi

)

.
[
−εr cos (ϕs − ϕi)

(√
εr − sin2 θi +

√
εr − sin2 θs

)

−2
[√

εr − sin2 θs
√
εr − sin2 θi

(εr − 1) sin (ϕs − ϕd) sin (ϕd − ϕi)(
cos θd +

√
εr − sin2 θd

)

+
1(

εr cos θd +
√
εr − sin2 θd

) .
(
εr (εr − 1) sin θs sin θi sin

2 θd

− sin θs sin θdεr
(
cos θd +

√
εr − sin2 θd

)√
εr − sin2 θi cos (ϕd − ϕi)

− sin θi sin θdεr
(
cos θd +

√
εr − sin2 θd

)√
εr − sin2 θs cos (ϕs − ϕd)

− cos θd (εr − 1)

√
εr − sin2 θd

√
εr − sin2 θs

√
εr − sin2 θi

. cos (ϕd − ϕi) cos (ϕs − ϕd))

]]
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β(2)
vv

=
(εr − 1)(

εr cos θs +
√
εr − sin2 θs

)(
εr cos θi +

√
εr − sin2 θi

)

[
−εr cos (φs − φi)

(√
εr − sin2 θi +

√
εr − sin2 θs

)

−2
[√

εr − sin2 θs
√
εr − sin2 θi

(εr − 1) sin (φs − φ1) sin (φ1 − φi)(√
εr −A2 −B2 + C

)

+
1(

εrC +
√
εr −A2 −B2

)
(
εr (εr − 1) sin θs sin θi

(
A2 +B2

)

− sin θs
√
A2 +B2εr

(
C +

√
εr −A2 −B2

)√
εr − sin2 θi cos (φ1 − φi)

− sin θi
√
A2 +B2εr

(
C +

√
εr −A2 −B2

)√
εr − sin2 θs cos (φs − φ1)

−C
√
εr −A2 −B2 (εr − 1)

√
εr − sin2 θs

√
εr − sin2 θi

cos (φ1 − φi) cos (φs − φ1))
]]
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'()*)

A = sin θs cosφs − sin θ cosφ+ sin θi cosφi

B = sin θs sinφs − sin θ sinφ+ sin θi sinφi

C = cos θs − cos θ + cos θi

φ1 = tan−1B/A
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 ! "#$% &'(')('&# "#* +,!-"$.!%/ εs, σ'!0 τ '(* &(*%*!"*01

 !"!" #$%$&' ()*+&$$&,&$-

2% +.( "#* %"'"$- &*(3$""$4$"5 εs/ $" 0*&*!0% .! %'6$!$"5 S '!0 "*3&*('",(* T .+ 7'"*(1

 " -'! 8* 7($""*! '%

εs(T, S) = εs(T, 0)a(T, S) 9:1;<

=#$% *>&(*%%$.! $% 4'6$0 +.( ' %*' .+ %'6$!$"5 ('!)$!) 8*"7**! 4 '!0 35 &&3 7#*(*

εs(T, 0) = 87.134− 1.949× 10
−1T − 1.276× 10

−2T 2 + 2.491× 10
−4T 3 9:1?<

a(T, S) = 1.0 + 1.613× 10
−5TS − 3.656× 10

−3S + 3.210× 10
−5S2

−4.232× 10
−7S3 9:1@<
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τ $% "#* "$3* .+ (*6'>'"$.!/ $" $% )$4*! 85

τ(T, S) = τ(T, 0)b(T, S) 9:1A<

=#$% *>&(*%%$.! $% 4'6$0 +.( 0 ≤ S ≤ 157 '!0 +.( 0 ≤ T ≤ 40◦C 7$"#

2πτ(T, 0) = 1.1109× 10
−10 − 3.824× 10

−12T +

6.938× 10
−14T 2 − 5.096× 10

−16T 3 9:1B<

b(T, S) = 1.0 + 2.282× 10
−5TS − 7.638× 10

−4S

−7.760× 10
−6S2 + 1.105× 10

−8S3 9:1C<

;@D
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σ  ! "#$ !"%" & &'()*&" + ", '- "#$ !%."$) /%"$0 $120$!!$)  ( Ω−1m−1 %()  ! 3 +$( 4,

σ(T, S) = σ(25, S)e−Π 56789

:# ! $120$!! '(  ! +%. ) -'0 0 ≤ S ≤ 40 / "#

σ(25, S) = S[0.18252− 1.4619× 10
−3S + 2.093× 10

−5S2 − 1.282× 10
−7S3] 567;9

Π = △[2.033× 10
−2

+ 1.266× 10
−4 △+2.464× 10

−6 △2
567<9

−S(1.849× 10
−( − 2.551× 10

−7
∆+ 2.551× 10− 8∆

2
567=>9

%()

△ = 25− T
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